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Proof of Lemma 6

We first show the result for BG lurkers." BG Lemma E.18 shows that the agent who moves
at b~ is not a BG lurker at h™' for n’ < N .2 Thus, we must show that ¢ does not move at h
forany n' =n,n+1,..., N — 1. It is sufficient to show the result for the earliest history A" such
that £ € LBC(h™). Since ¢ first becomes a BG lurker at h™, we have that £ moves at h"~" and:
Py(h™) = Go(h™), o€ Py(h™ 1), and C5(h™ ') = Py(h™ ') ~ {z,}. Greedy strategies imply
that all types >, that reach h™, are such that T'op(>,, P,(h™)) = x,. Since no agent moves twice
in arow, £ does not move at h”. Assume that £ moves at b™ for some n’ € {n+1,..., N-1}, and
let b be the earliest such history where ¢ moves. If z;; € C (h"/), then by greedy strategies, all
types of agent ¢ that reach h™ clinch z,, and thus there is no passing action (it can be pruned)
which is a contradiction. If z, ¢ Pg(h"’ ), we have:®

Po(h™) = Po(h™ ) Nz} € Pu(h" )N {a} = CS(R" )  OF (h™) € Co(h™).

In words, since x, is previously unclinchable and becomes impossible at h, property (M3) of
millipede games implies that the mechanism must offer ¢ at least a clinching action for each
object that was previously clinchable, and since ¢ was already a lurker, this includes everything
that was previously possible (except for z,, which is no longer possible). The above implies
P,(h™) € Cy(h™), i.e., everything possible at ™ is also clinchable at h"™. By property 4,
there is no passing action, again a contradiction. The only remaining possibility is that x, €
P,(h™) \ Cy(h™). By the structure of millipede games, ;, can only be possible following
the unique passing action at ™ . Since Top(>,, P,(h™)) = x, for all types of agent £ that
reach h™', all types of agent ¢ who reach h™ must pass at A", and since the game is pruned,
there are no clinching actions at h”™ . But then, ™' is a trivial move with |A(%)| = 1, which is a
contradiction. Thus, for any £ € L2 (h™), £ does not move at h™ forany n’ € {n,n+1,...,N}.

Because L£(h) € L2 (h) at any h, that the same result holds for lurkers is immediate. =

'Recall that BG refers to Bade and Gonczarowski (2017).

2To be precise, BG Lemma E.18 says if LES (h) # @, then the agent ¢ who moves at the maximal superhistory of
the form A’ = (h,a*,...,a*) is not a BG lurker at h. It is obvious that ¢ is also not a BG lurker at any h such that
LBG (E) = & (because there are no BG lurkers at k).

3The first equality follows because x, ¢ P, (h"’ ), the first inclusion because the set of possible objects only shrinks
as we move along the game path, the second equality because £ is a BG lurker for x, at h™, the second inclusion
because the set of previously clinchable objects only grows as we move along the game path, and the last inclusion
by property (M3) of millipede games.



Proof of Lemma 7

We first show the result for BG lurkers. For n =1, £L89(h"™') = £LBY(h°) = @, and so the
statement is obvious. So, assume it holds for all n’ =1,...,n — 1. Take some £ € LEE (A1)
(if there is no such ¢ and so LB (h"™!) = @, then the result is obvious). With slight abuse of
notation, we interpret £ to mean that agent £ is the /*" oldest BG lurker, and let z, be the object
that ¢ BG lurks. We will show that conditions (i)-(iii) in the definition of a BG-lurker hold at
h™. Notice that for conditions (ii) and (iii), they refer to the most recent move of ¢ strictly prior
to h™. Since £ € LB (h™™'), conditions (ii) and (iii) held at £’s most recent move strictly prior
to A", and by Lemma 6, £ does not move again at any h™' after becoming a BG-lurker, so
conditions (ii) and (iii) continue to hold at A™. Thus, we must show that condition (i) continues
to hold at A".

Consider n < N. If P,(h™) =G,(h™) (i.e., condition (i) fails), then properties 3 and 4 imply
there is no passing action at A" (i.e, h"™ is a terminating history), which is a contradiction.
Therefore, P,(h™) # G,(h™), and condition (i) holds.

Now consider n = N. Since £ € LEC (A7), we have P,(hN ™) # Go(hN™'). We want to
show that (™) # Go(hY). So, assume not, i.e., P,(h™) = G,(h"Y).

CLAIM: Let n< N and consider a clinching action a, € A(h™) that clinches object x for
the agent i that moves at h™. Then, (i) x is not BG-lurked at h" and (ii) at (h",a, ), each BG
lurker €' € LPC (h™) has clinched their lurked object.

Proof. If LPC(h™) = @, then part (i) is obvious and (ii) is vacuous. So, assume L5 (h™) # @.
By Lemma 6, i ¢ LP¢(h™). If z € X*BY(h™), by BG Lemma E.14, P;(h"™) = G;(h™), and by
properties 3 and 4, there is no passing action at A", a contradiction. This establishes part (i).
Given part (i), BG Lemma E.17 shows that each BG lurker ¢ at h™ receives their BG-lurked
object at all terminal i 2 (h", a, ), which establishes part (ii). m

Since P,(hN 1) # Go(h™N1), it must be that z, ¢ G, (h™).* Since we’ve assumed P,(h™) =
G(h™), this implies that z, ¢ P;(h"), and so by obvious dominance, G,(h") = X ~
{z1,...,2,}, where xy,...,z,_; are the BG-lurked objects older than z,.’

Now, at A, the agent who moves, ¢ (the terminator, who is not a BG lurker by BG Lemma
E.18) has only clinching actions. Since G¢(h") = X~ {x1,...,z,}, none of these objects can be
clinchable for ¢ at ™. In particular, Cy (h™) € {x,...,x,}. We further claim that |C,(h" )| > 1.
To see this, presume that |C;(h")| =1, and let 2’ be the unique object that is clinchable at

h™ for t. Let history h™ be the most recent history at which ¢ moves strictly prior to h".
Such a history exists because by BG Lemma E.18, C£(h"') = X. Additionally, the fact that no
agent moves twice in a row implies that n’ < N — 2. Note also that Cf(h”') + X (as otherwise,

“This follows because if , is guaranteeable at ™V, then £ has effectively already clinched it prior to A"V, which
means she was not a BG lurker. More formally, assume z, € G g(hN ), and let h* be the earliest history at which £
is a BG-lurker for x; since £ € LEF(hN-1), we have h* ¢ h™. By definition of a BG lurker and greedy strategies,
Top(>¢, Pe(h*)) = x, for any type that reaches h*. By the claim just proven, ¢ has clinched z, following any
clinching action at any (h™,a,), where h* € h™ € hVN=1. This means that if x; € G¢(h"), then z, is already
guaranteeable at h*: z, € G,(h*). Further, no type >, that reaches h* will follow any strategy for which anything
but x, is a possible outcome, and so by pruning, Py (h*) = G,(h*). But this contradicts that £ is a lurker at h*.

BG Lemma E.16 implies that Pp(h™V~1) = X \ {x1,...,T¢-1} (note that z, € P,(h"N"1)), and also
Ci(hN71) = Pp(RY =) N {@,}. If there is some x € X \ {z1,...,2,} such that z ¢ G,(h"), then the type that
ranks >¢: ¢, x, .. . has no obviously dominant strategy: because x is possible at A™N=1 but has never been clinchable,
any obviously dominant strategy requires £ to pass at all b’ € h™N =1 where she is called to move. Since x, ¢ P, (hY),
and z ¢ G¢(h"), any such strategy has a worst-case outcome that is strictly worse than z. As = was clinchable for ¢
at some h g V=1, no such strategy can be obviously dominant.
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by greedy strategies, all types of agent ¢ will have clinched an object by h™', and thus by
pruning, the passing path will not continue to h"", which is a contradiction). Therefore, it must
be CS(h™) = X ~ {z'}. Greedy strategies imply that all types of agent ¢ that reach h"*' rank
object 2’ first (among all objects). Consider the histories A **, ..., hN"', and notice that, by
definition of k"™, agent ¢ does not move at any of these histories.

There are two cases: (i) x’ is not clinchable at any he {h”,”,...,hN‘l} or (ii) x’ is
clinchable at at least one such h € {h™*',... h¥N"'}.In case (i), for all h e {h™*' ... hAN"1},
following any clinching action (iL, a.), there is some z # 2’ that is clinched. Because the game
is pruned and CS(R™) = X ~ {z'}, obvious dominance requires that agent ¢ receive 2 at any
terminal history % 2 (h, a. ). Further, ¢ receives =’ at any terminal i 2 bV as well, which implies
that ¢ receives z’ at all terminal A 2 h™*' = (h™,a*). This means that ¢ has clinched z’ at
h™'*1 already, which contradicts that there is a passing action at h™ . In case (ii), since z’
is clinchable at & for an agent other than ¢, and all other objects X \ {z’} were previously
clinchable for ¢, obvious dominance requires that following this clinching action, agent ¢ must
receive Top(>¢, X ~ {z'}); in particular, every object in X' \ {z’} must remain possible at 1" **
for ¢. Object 2 itself is also still possible, so we have P,(h"*') = X.

This implies that conditions (ii) and (iii) in the definition of a BG lurker for 2" hold at
Furthermore, if P,(h™*') = G,(h™'*"), then by properties 3 and 4 of millipede games, there is
no passing action at k™ *!, and as n’ < N — 2, this a contradiction. Thus, P,(h™*') # G,(h""*1),
and condition (i) of a BG lurker holds as well. Thus, ¢ is a BG lurker at Rt However, this is
a contradiction to BG Lemma E.18 (cf. footnote 2).

Thus, we may assume that |C,(h™)| > 1. Since we have also shown that C,(h™) c
{z1,...,2,}, at least two objects in {z1,...,z,} must be clinchable at h™¥ (this also implies
that £ > 2 in the present context). Choose any two of these objects, and denote them x,, and
x¢r, where without loss of generality, 1 < ¢’ < £” < £. These are both BG-lurked objects, and
their BG lurkers are agents ¢', £”. If t clinches ., at (h™,a, é,), agent ¢’ must be able to
guarantee all objects in X \ {xy,...,x,}, and agent £ must be able to guarantee all objects in
X ~{xy,...,x,}, which is a contradiction.”

Therefore, P,(h™) # G,(h"™), condition (i) holds, and ¢ € LZE (h™).

Thus, we have shown that LZC(h"1) ¢ LBY(h™) for all n=1,...,N. To see that the
same is true for lurkers, take some ¢ € £(h™*). Notice that £(h"*) ¢ LPY(h"!), and so
¢ LBC(h™), as we just showed above. That is, ¢ satisfies conditions (i)-(iii) in the definition.
So all that is left to show is that condition (iv) holds at h™. But, notice that similar to
conditions (ii) and (iii), condition (iv) refers only to £’s most recent move strictly prior to
h™. As €€ L(h™"), condition (iv) holds at "', and by Lemma 6, ¢ does not move at any
h"" after becoming a lurker for the first time. Thus, condition (iv) continues to hold at A", and
teL(h™). m

hn’+1 6

Notice that the conditions refer to ¢’s most recent move strictly prior to h™'*1 which, by definition is h™'. Since
P,(h™'*1) = X, we have P,(h™') = X as well, and it is obvious that =’ € P, (k™" ), which is condition (ii). Condition
(iii) says CE(R™) = P,(h™") \ {2}, which we showed two paragraphs above.

"This follows an argument similar to footnote 5: when s becomes impossible for £’ at (hY,a, ,+)» obvious
dominance requires that £’ be able to guarantee everything that was previously clinchable. By BG Lemma E.16 and
the fact that ¢’ is a BG lurker for z,, this is all objects in X \ {z1, ...,z }. (Note that it is impossible for all objects
to be BG-lurked, because as BG Lemma E.18 shows, the terminator is not a BG lurker. Therefore, {z1,...,2,} ¢
{z1,...,2e} €X,and so (X \ {z1,...,ze }) N (X N {z1,...,2e}) #D.)



Proof of Lemma 8

By BG Lemma E.14, we have P;(h) = G;(h). By properties 3 and 4, there is no passing
action at h, and thus, h is a terminating history, which establishes the first statement.

We must also show that j moves at . Assume some k # j moved at h, and thus k is the
terminator. Let k € h be the smallest subhistory of A such that x is BG-lurked at h (i.e., it is not
BG-lurked at any predecessor of /). We claim that x € P; (h) To see this, assume z ¢ P;(h).
Since x € C5(h), we must have x € C; (h) for some h ¢ h € h. This implies that both j was

active strictly prior to h, and also h = h.® This further implies that & is not active strictly before
h.” By BG Lemma E.18, C5(h) = X, and since h is the first time k is active, Cy,(h) = X, i.e.,
k can clinch every object at h. But, this means that at h, no object can be guaranteeable for j,
which contradicts P;(h) = G;(h). Therefore, x € P;(h). BG Lemma E.18 then implies that j
is the terminator, and thus j moves at h. [ |

Proof of Lemma 9

The statement is obvious for n = 0. So, presume it holds for 1,...,n — 1, where n < N. We
show that L(h™) = LB (k™).

Notice that we can write LZC(h"1) = L(h") € L(h™) € LBC (h™), where the first equality
is the inductive hypothesis, the first inclusion is Lemma 7, and the second inclusion is because
at any history h, any lurker is also a BG lurker. Thus, if £L2C(h"™) = LBC(h™), then the
inclusions must be equalities, and we are done.

So, consider the case that L2C(h"™) = LPC(h™), and assume that L(h™) # LB (h™). As
LBG (A1) c LBC(h™) and h™ = (h"!,a*), it must be that there is some agent i who first
becomes a BG lurker at 4", and ¢ must move at h™~*.' In particular, LB (h") = LBC(h"1) U
{i}. As LPC (") = L(h" ) c L(h™) € LBC(h™) = LBY (R ) u{i}, if L(R™) # LBY(R"),
then it must be that i ¢ L(h™). Since i € LB (h™), conditions (i)-(iii) hold at A" for i, and thus,
it must be condition (iv) that is violated, i.e., at h™~!, there is some active non-lurker j at A" ™!
such that 2 € C5(h™"") (where  is the object that ¢ BG-lurks). Since L7 (h"") = L(R"™"),
agent j is also a BG nonlurker at h" 1, and thus, by Lemma 8, there is no passing action at h",
a contradiction. [ ]

Proof of Lemma 10

As above, let h™ = (hg,a*,...,a*), where h™ is the terminating history. Lemma 9 shows
that at A" for n < N, we have LPS(h™) = L(h™). The only remaining history to consider is
the terminating history h"¥. Note that LBC(hN"1) = L(hV-1) c L(RN) c LBC(RY), where
the first equality follows from Lemma 9, the first inclusion by Lemma 7, and the second

8As j is a BG non-lurker at h, she is also a BG non-lurker at h and h, by Lemma 7. Similar to the paragraph
above, by BG Lemma E.14, P;(h) = G;(h), and so & is the terminating history, i.e., & = h.

Let b’/ be the immediate predeces%or of h,so h=(h',a*), and let ¢ be the agent who BG-lurks z. Since = became
BG-lurked only at the terminating history h, agents ¢ and j are active BG non-lurkers at h’, and by BG Lemma E. 19,
there can be at most two active BG non-lurkers at any history. Therefore, at h’, k is either inactive, or a BG lurker.
BG Lemma E.18 shows that the terminator is not a BG lurker at any h € h (see footnote 2), and thus & must become
active only at h.

%For any j that does not move at h™~1, then her most recent move was at some strict subhistory h’ ¢ h™71.
Conditions (ii)-(iii) are thus the same when checking whether j is a BG lurker at h”~! and h™, so if j is not a BG
lurker at A™~!, it must be condition (i) that is violated, i.e., P;(h™') = G;(h™1). But, by properties 3 and 4, this
means there is no passing action at A", a contradiction.
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inclusion by the fact that any lurker is a BG lurker. If £B¢ (A1) = LBE(AY), then the
inclusions must be equalities, and so all BG lurkers are lurkers. If £ (RN-1) = LBY(RY),
it must be that LB (hY) = LB (A1) u {i} for some i who first becomes a BG lurker at A"
and also i moves at h’¥ "' (see footnote 10). So, we have LZC(hN"1) = L(AVN ) c L(hY) ¢
LBG(ANY) = £LBCY(RN"Y) u {i}. If i e L(AY), then L(AN) = LBC(RY). If i ¢ L(KhY), then
L(hN) = LEG(AN) \ {i}. In either case, there is at most one BG lurker that is not a lurker.
Notice also that we have shown that £(h™) = LY (h™) only if n = N, i.e., this occurs only at
the terminating history. Further, the above argument establishes that when this occurs, it is the
youngest BG lurker (agent ) who is not a lurker, and ¢ moves at h™¥ 1.

For statement (iv) and (v), since h is the terminating history, the agent who moves at h is the
terminator t, who is not a BG lurker (BG Lemma E.18), and thus is also not a lurker. To see
that the active agents are L2 (h)u{t}, note that when i became a BG lurker but not a lurker at
h™ (= h), it must be because there was some other j who was an active non-lurker at "~ and
x € C5(hN™"), where  is the object that i BG-lurks. At AV~!, LPS(AN=") = L(RN™"), which
also means that all non-lurkers are also BG non-lurkers at AN, and so 7 is a BG non-lurker at
h™N=1. Since there can be at most two active BG non-lurkers at any history (BG Lemma E.19),
at hN 71, the active agents are LZY(hN"")u {i,j}. Agent i moves at hV~!, and by Lemma 8, j
is the terminator, i.e., j = ¢ and so j moves at A" . Therefore, at h™¥, i becomes a BG lurker and
no new agent enters the game, so the active agents at h™¥ are LZC(h™)u {t} = L(hWY) u {i,t}.
|

Proof of Lemma 13

For the first part, for any x € X*(h) that is also BG-unlurked, the statement follows from BG
Lemma E.11. So, consider some z € X*(h) but 2 € X*-2%(h). By Lemma 10, there is only one
such object, and it is @ = w\Bc (), the youngest BG-lurked object at h. Further, this condition
only obtains when h is a terminating history, and the active agents at h are /1,...,{\Bc),t
where: £1,...,0 a1 are both lurkers and BG lurkers, £,5c ) is a BG lurker but not a
lurker, and ¢ is the terminator (and neither a lurker nor a BG lurker). By BG Lemma E.16,
xyBa ) € Py(h) forall £ € {{y,...,\5c )}, while by BG Lemma E.18, z\5c ;) € Cy (h).

The second part follows from the first part and the definition of a lurker. [ |

Proof of Lemma 14

If x, is lurked at A then x, is BG-lurked at h; thus if ¢ is a BG non-lurker at h, then the result
follows from Lemma 8. So, assume that 7 is a non-lurker that is a BG lurker at h. We claim that
for any lurked object z, € X*(h), we have x, ¢ CS(h), and so the result holds vacuously. To
show it, let A’ be such that h = (h’,a*), i.e., ' is the immediate predecessor of h. By Lemma
10, h must be a terminating history, agent ¢ moves at A’ and passes, and becomes a BG lurker
at h. Note that since x, is lurked at h, it is also BG-lurked at h. If 2, € C (h), then, since ¢ does
not move at h, we have x, € C;(h’) as well. Further, x, cannot be the object i BG lurks at A
(because it has been previously clinchable for her), and so x, must be BG-lurked at i’ by some
other agent. But then, at 2/, i is not a BG lurker, and x, € C$(h’) for some BG-lurked object
x,. Thus, by Lemma 8, A’ is a terminating history, which is a contradiction. [ ]

Proof of Lemma 15

Since there is a lurked object at h, there is also a BG-lurked object at k. Parts (ii) and (iii)
then follow immediately from the corresponding statements in BG Lemmas E.18 and E.20.
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BG Lemma E.18 part (i) says that agent ¢ is not a BG lurker at h, and thus, agent ¢ is not
a lurker either, which shows part (i). What remains is to show part (iv). For all h ¢ h’, any
non-lurker is also a BG non-lurker by Lemma 10, and any lurked object is also a BG lurked
object, and so the result follows from the corresponding lemma of BG. Thus, consider h'.
By Lemma 10, at 1, either LZY(h') = L(N') or L(K') = LPY(R') N {564} Similarly,
either X5 (h') = X*(h') or X*(h') = X*B9(h') ~ {@ ey} If j is a BG non-lurker,
then the result is immediate from the corresponding lemma of BG. It remains to consider j
who is a non-lurker but a BG lurker. By Lemma 10, j is a BG lurker for x,5c . Notice that
T\5G(p,ry is not lurked at b’ (though it is BG-lurked). Thus, the lurked objects at k'’ are X“(h') =
{x1,..., 286 (-1 }. By Lemma E.16 from BG , P;(h') = X(h') N {x1,...,2 561 }; in
other words, for any x € X*(h’), we have x ¢ P;(h'), and so the statement holds vacuously. m

Proof of Lemma 17

At h, j is a non-lurker, but may or may not be a BG lurker. First consider the case that
j is a BG lurker at h, and let y be the object that j BG-lurks. By Lemma 10, j is the
youngest BG-lurker, and the set of BG-lurked objects is X“B%(h) = X*(h) u {y}, where
y ¢ X*(h) and y is the youngest BG-lurked object at h. In addition, the set of unlurked
objects is X“PC(h) = X*(h) \ {y}. Because j BG-lurks y, we have y = Top(>;, X*(h)).
If y = 4, then BG Lemma E.17 implies that j receives Top(>;, X*2(h)), and further, y = &
implies X% 2% (h) = X*(h) ~ {2}, and so the statement holds. If y # &, then BG Lemma E.17
implies that j receives y. Since y # & and & € X*(h), we have y = Top(>;, X*(h)) = Top(>,
,X£(h) N {2}), and again, the statement holds.

Second, consider the case that j is not a BG lurker at h. In this case, we claim that L(h) =
LB%(h). Indeed, the agent who moves at h, agent i, is not a lurker nor a BG lurker (Lemma
6), and so both ¢ and j are both non-lurkers and BG non-lurkers at h. As there can be at most
2 non-lurkers at any h (Lemma 12) and the same is true for BG non-lurkers (BG Lemma
E.19), all other active agents at h are both lurkers and BG lurkers. Similar statements apply
to non-lurkers (L(h) = LB (h)), lurked objects (X*(h) = X*B%(h)), and unlurked objects
(X2(h) = X5 EE(h)).

We next claim that P;(h) € X*(h). Indeed, if there was some lurked object z-, € X*(h) such
that z, € P;(h), then by Lemma 15, part (iv), j is the terminator. This further implies that the
agent ¢ who moves at h is not the terminator, and again by Lemma 15, part (iv), object x (the
object 4 clinches at h) is unlurked at h. This means that & = x, by definition of Z. However,
because j is the terminator, Lemma 15, part (iii) implies C;(h) n C5 (h) = @, and in particular,
& ¢ C;(h), which is a contradiction. Therefore, P;(h) € X*(h).

Let y = Top(>;,X*(h)). Consider first the case y ¢ C5(h), and note that this implies that
y # 2. Because j does not move at h, C5(h) = C;(h) and hence y ¢ C5(h). As X*(h) =
X*%P%(h) and BG Lemma E.11 tells us that X* %S (h) c P;(h) u C5 (h), we conclude that
y € P;(h). Property (M3) of millipede games then implies that j receives y.'" Since y # & and

"If j does not receive y, then at some point on the path from h to h, y became impossible for j before
being clinchable (or else by greedy strategies, 7 would have clinched y, which follows from the definition of y
as Top(>;,X*(h)) and the fact that y € P;(h) € X* (h)). Property (M3) requires that agent j then either receives
or is reoffered an opportunity to clinch each object that was previously clinchable, which includes Z. However, & is
clinched by another agent before j might be called to move following h (by Lemma 16), and so this is a contradiction.
Therefore, y cannot become impossible for j before being clinchable, and as it is her top still-possible choice, when
it is offered to her, she will clinch it.
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2 e X*(h), wehavey =Top(>;, X*(h))=Top(>;,X*(h)~{%}), and the claim of the lemma
obtains.

It remains to consider the case y € C} (h). Let z be the object j receives at h, and note that z €
X~ (h)~{2} (z € X (h) follows from P;(h) ¢ X*(h), and z # 2 follows because & is assigned
to another agent at h, by Lemma 16). ObV10us dominance implies that z %, y; otherwise, type
>;’s strategy would not obviously dominate the alternative strategy that clinches y at the b’ ¢ h
where it was offered to her for chnchrng Since z € X*(h)~ {2} and z 3; y = Top(>J ,XE(R)),
we must have z =y and y = Top(>;, X*(h) \ {}), which completes the proof." ]

Proof of Lemma 18

We first claim that there exists some y € C5(h) such that y € X*(h) \ {&}. This follows
because by supposition j moves prior to h, and so must be offered some object y for clinching
when she moved. Lemma 14 implies y ¢ X*(h), and by supposition of the current lemma,
i ¢ C5(h). Therefore, we must have y € X*(h) \ {2}.

Next, we claim that C5(h) < Gj(h).13 To see this, take an arbitrary y € C5(h); as we just
showed, such y exists. As & ¢ C5(h), we know that y # & and hence a type >;: Z,y,... is well
defined. As & ¢ C5(h), Lemma 13 implies that & € P;(h). Because & € P;(h) \ C5(h), greedy
strategies imply that type >; must pass at all h' ¢ h where j moves, and as j does not move
between h and h, this type reaches h. If y¢G; (h) then, for any strategy type >; follows
starting from h type >; might end up with an object strictly worse than y (because & has been
clinched by another agent, and y is not guaranteeable at loz). However, j could have clinched y at
some history i’ ¢ h, which contradicts that her strategy is obviously dominant. Thus, y € G, (h)
and, as y was an arbitrary element of C7 (h), we conclude that G; (h) 2 C5(h). The procedure
from the proof of the millipede theorem of Pycia and Troyan (2023) allows us to transform
the millipede, while maintaining properties 1-5, so that J moves at h and any object that is
guaranteeable for agent j at history A is clinchable at h, so that G, (h) C; (h) As we just
showed that G (h) 2 C5(h), we conclude that C5(h) c C; (h). At h, agent j may also be
offered to chnch addltlonal objects, and may or may not have a passing action. [ |

Proof of Lemma 19

First, consider the case that there are no lurked objects at h, and so there are also no lurked
objects at any A’ such that h% ¢ k' ¢ h, by Lemma 7. There is then a history h’ such that
hk ch' ¢ hand y € C;(h'). Indeed, if j was not active until the current round, then the existence
of b’ follows from the assumption that y € Cj‘(h). If j was active in a previous round then there
are two subcases: if j was offered y in a previous round, then j moves at h’C and y € C;(h)),
and we can set i’ = hf; if j wasn’t offered y in a previous round, then there must be some h'
in the current round where she was offered it. Hence, history A’ is well defined. Since type >,
reaches h, this type must pass at h’. By greedy strategies, there must be some x € P;(h') such
that = >; y. As there are no lurkers (or lurked objects) at b’ or h, x € X*(h’) = X*(h). Thus,
T>;.

12Notice that the above proof continues to apply when there are no lurked objects at h. In this case, the only active
agents at h are ¢ and j, and & = z. When 4 clinches £ such that £ € C5 (h), then j still receives her top choice among
all remaining unlurked objects, which in this case is all objects except for .

"Note that CF (h) = C5 (h) because j does not move at any h’ such that h c b’ ¢ h.



Now, consider the case where there are lurked objects (and lurkers) at h. By Lemma 15,
part (iii), agent j cannot be the terminator. Since j is not the terminator, Lemma 15, part (iv)
implies that P;(h) € X*(h). Since i can clinch y at h, there must be some x € P;(h) such that
x >; y, by obvious strategy-proofness; indeed, otherwise, when i clinches y, type >; will end
up with an object strictly worse than ¥, and so the worst-case outcome is strictly worse than the
outcome of the alternative strategy of j clinching y at the A’ ¢ h where it was clinchable for j.
Since P;(h) c X*(h), we have z € X*(h), i.e., T >; y. [

Proof of Lemma 20
We start with the following lemma.

LEMMA 25: Assume that there exists an arm « as defined in the statement of Lemma 5, and
such that n > 2. Further, assume that along the initial passing path of the game form, the first
lurked objects are (in order) T, ,...,T;jpThyy---sTh, . Then:

(a) For all n' = ,n-1, the agent that moves at hn, in I',,s is agent i, and at h}
number of lurked ob]ects is P+n'—1.

(b) ;G h3 g g h, S h.

(c) Foralln' =1,...,n, the number of lurked objects at h*, is P+n' - 1.

(d) Foralln'=1,...,n-1,p=1,...,P,and n" =1,...,n', in I',,, agent j, is in the role
that lurks x;, and agent k,,» is in the role that lurks xy, ,,.

(e)h;_ 1 & hn+1 and the number of lurked objects at h v .1 isatleast P+n—1.

the

n’

Proof of Lemma 25. Part (a). Let X7, be the number of lurked objects at history h’,.
Notice that since >, has a tie in the (P + n’)"" place, we have A\, < P +n' -1 for
all n’ =1,...,n. Towards a contradiction, assume there was a game I',, for which 7 does
not move at h),. Since A’, < P +n’ -1, the structure of »,  implies that the lurked
objects are {le,...,xjp,xkl,...,xkvﬁp},” and the agents coded in step 1 of I',, are

{jh"'7jP7k17"'7k>\;,—P+1} (lf A:L/ <P+n,_ 1) or {jlv'"7jP7k17"'7kA;,—P+1>i} (lf A:;’ =
P +n'-1) and the set of lurked objects is {z;,,...,2;,, Tk, Th,, _,}. Now, notice that

it cannot be a lurked object that is clinched at h,. Indeed, if this were true, then hr, is the
terminating history, which implies that x, , r is the last lurked object on the initial passing

path of the game (Lemma 14). But, this contradlcts the assumption that Thye _pay is the

next lurked object on the initial passing path, where notice that such an object exists because
Ay, —=P+1<n’<n-1.Thus, it must be an unlurked object that is clinched at A}, . In particular,
by the structure of »>,, the only possibilities are that agent kxx _p,, clinches object xy,

Ab-P+1’
or agent ¢ clinches x;, where the latter case is only possible if \*, = P +n' — 1. However, if
agent k”l_p“ clinches object Thyw popo then object Thyy po has been offered to an active

non-lurker at h,, and so @y, _ ~ cannot be the next lurked object along the initial passing

path (Remark 5), a contradiction. Therefore, it must be that \*, = P+ n’ — 1, and agent ¢ is the
agent that moves at b,

Parts (b). As shown in part (a), forn’ =1,...,n—1, there are A*, = P+n’—1 lurked objects at
h?., which immediately implies that h ¢ h5 ¢ - ¢ h)_, ¢ h._; (because the number of lurked
objects only grows as we go down the initial passing path).

"This is implicitly assuming that A\*, > P. An analogous argument works for the case that A*, < P, but, for
brevity, this argument is omitted.
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It remains to show that h)_, ¢ hY. By way of contradiction, assume that i) € A’ _,. Then,
Ay <Ar_; = P+n—-2, and the lurked objects at k), are {x;,,...,Z;,, Tk, ,--- s Ty, }. If a lurked

object is clinched at A}, then h; is the terminating history, and there is no passing action at
h’ (Lemma 14). However, this contradicts that Thy, is the next lurked object on the initial

passing path. So, it must be an unlurked object that is clinched. By the structure of »,,, it must
be k1 that clinches Thy, .- But then, Thy, . has been offered to active nonlurker at A, and

SO xj_, . cannot be the next lurked object aﬁong the initial passing path (Remark 5), which is
Ak 41

a contradiction. Therefore, h)_, ¢ h) .

Part (c). Part (a) shows this for n’ <n — 1. So, we must show A\ = P + n — 1. Notice that
hr_1 ¢ h’ implies that A* > \* | = P +n — 2, while the structure of »,, (in particular, the tie
between agent ¢ and k,,), implies that A’ < P +n — 1. Thus, we need to show \* # P +n - 2.
Assume that A}, = P +n — 2. Then, the lurked objects are x;,,...,%;,, Tk, ,..., %k, _,, and the
agents coded in step 1 are ji,...,jp,k1,...,kn-2,k,—1. If a lurked object is clinched at h,
then this is the terminating history, which contradicts that z;,__, is the next lurked object along
the initial passing path (Lemma 14). If an unlurked object is clinched, then it must be k,,_;
clinching x;,_,, but since this is offered to an active non-lurker, x;,,_, cannot be the next lurked
object along the initial passing path (Remark 5), a contradiction. Therefore, A = P +n - 1.

Part (d). By part (a), agent ¢ moves at h, in I',,, and, since ¢ ties in »,s, object z; is
unlurked. Therefore, all lurked objects are immediately assigned to their lurkers, which delivers
the result.

Part (e). To show h;_, ¢ h},,, assume not. Then, i} , Ch}_;,and X\ , =P +n -1 for
some 72 < n — 1. So, the lurked objects at i), are x;,,...,2;,,%g,,...,Tk,_,, and the agents
coded in step 1 are ji,...,Jjp,k1,...,ks. Since 7 <n — 1, we know that =, must be the next
lurked object on the initial passing path. An argument analogous to those given above delivers
a contradiction.

To show A),, > P+n—1,note that h),_, ¢ h;_, implies A\ ; >\’ _; = P +n - 2. Thus, we
must just show that A\’ ,; # P+n— 2. So, assume this was the case. Then, the lurked objects are
Tj s sTjpsThy,--+1 Tk, o, and the agents coded in step 1 are ji,...,7p,k1,...,kn_o,kn_1.
If a lurked object is clinched at A _,, then this is the terminating history, which contradicts
that x,,_, is the next lurked object along the initial passing path (Lemma 14). If an unlurked
object is clinched, then it must be k,,_; clinching z;_,, but since this is offered to an active
non-lurker, x;,, , cannot be the next lurked object along the initial passing path (Remark 5), a
contradiction. Therefore, A, > P +n - 1.

This completes the proof of Lemma 25. [ ]

Continuing with the proof of Lemma 20, we first show the first statement that at i), in
T',;1, there is an agent ¢ # j1,...,7p,k1,...,ky, i such that ¢ is an active non-lurker at &

*

n+1
that does not move at k., and x; € C5 (h’,,). By Lemma 25, we have (i) h},_, ¢ hi,h%,,
(i) A} =P +n -1 and (iii) A},; > P +n - 1. In particular, the lurked objects at h; are
{xj,,...., %50, Tky,- ., Tk, , t. Since there is a tie in »,,, there are two active non-lurker roles

at h;, and both of these roles have been offered to clinch z; at k). Let s be the role that moves
at b}, and s’ be the other active non-lurker that does not move at h;.

Case 1: z;, is the next lurked object along the initial passing path of the game form.
Since x,, is the next lurked object along the initial passing path, it must be ¢ that moves at h

and clinches z;, i.e., 0,,(s) = i."” Further, we have h: ¢ hr ... To see this, note that if not, then

15 Agent k,, cannot move at h , because then x;, would have been offered to an active non-lurker at h},, which
contradicts that x,,, is the next lurked object along the initial passing path. Nor canitbe any j1,...,jp,k1,...,kn-1
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hy. . ch’,and z,, is not lurked at i . Thus, it cannot be a lurked object that is clinched
at hy .., because this would imply that h » .1 1s the terminating history (Lemma 14), which

contradicts that x;,, becomes lurked along the initial passing path. So, the object clinched at
h} ., must be unlurked, and so the set of lurked objects is {x;,,...,Z;,,Tk,,..., Tk, , |, Where
T, 1s the unlurked object that is clinched, and 7 < n, which follows because h:., ch;.But
then, x,. is offered to an active non-lurker at i . ,, which contradicts that it is the next lurked
object along the initial passing path (Remark 5). Therefore, h) ¢ h’ . ;.

Since xy,, is the next lurked object along the initial passing path, we must have z;, becoming
lurked at some h' such that h ¢ h' € h? ;. But, notice that there is still some role r such that,
at h’, r is an active non-lurker, and z; € C#(h'). Thus, x; cannot be the next lurked object along
the initial passing path. Therefore, for ¢ to be ranked immediately after k,, in »>,,;, she must
clinch x; while it is unlurked, either at A ,,, or in the immediately following clinching phase
of the game.

We next claim thatin T',,, 1, 0,,%, (¢) # s, s". To see this, first note that if .}, (¢) = s, then i has
the sameroleinI',, and I',,,, and thus would once again clinch at . in I',,,;, which contradicts
h: @ h’.,,. Therefore, 0.}, (i) # s. Next, assume that o,,,,(s") = i. Notice that role s" cannot
be the terminator role, by Lemma 15(iii) and the fact that z; € Cs(h) and z; € C%, (h},). Thus,
only objects that are unlurked at i, are possible for role s, and so if o,,,1(s") =4, since x; is i’s
top unlurked object, she would clinch it at some history A’ ¢ h* € b} .|, which is a contradiction.
Therefore, 0,1, (i) # s, 5.

We showed above that s’ is not the terminator role. If s is the terminator role, then, when
1 clinches at h;, we conclude that x; is her top possible object among all of those that are
available, by Lemma 15(ii). This implies that ¢ cannot be in a role that is a lurker at A . So,
we have shown that in I',,,;, agent ¢ is not a lurker at i, nor is she is role s or s’. Thus, 7 is
not active at h in I',,,;, and so there must be some agent £ # ji,...,jp,k1,...,k, such that
a;}rl(f) = s or s'. But then, since 4 is unlurked at i}, ,, we have that z; € C§ (h, ), as desired.

If s is not the terminator role, we once again claim that ¢ cannot be in a role that is a lurker
at h; . Indeed, if this were true, then some agent j who is receiving a lurked object is not a
lurker at h’ . Therefore, this agent must be in the terminator role, and clinch at & , ;. Since the
terminator role is not s or &', it is not yet active at h*, and so j is not active at h} in I',,,;.
Therefore, there must be some £ # j,...,jp, k1,.. k: such that o} (¢)=sor s/, and that is
still active when j clinches at i}, ,, which implies that z;€C(h; +1) as desired.

Case 2: x; is not the next lurked object along the initial passing path. By Lemma 25,
at b}, there are P +n — 1 lurked objects. This implies that both ¢ and k,, are coded in step 1 of
the coding algorithm for I',,, and thus that the first unlurked object that is clinched is either z;
or z, .'° This gives rise to two subcases.

Case 2.1: x;,, is the first unlurked object that is clinched in the coding algorithm in T',,.
In this case, o, (s") = i, and there is some history i ¢ h* such that 2, € C;(h).

CLAIM 1: The following are true: (a) h;,_, ¢ h;,, & h; and (b) agent k,, clinches x,, at
hi i inT,.1, and z, is unlurked at this history.

Proof of Claim 1. Part (a). First notice that A} _, ¢ h_, follows from Lemma 25. So, we
must show that h) g h . Towards a contradiction assume that hy; ch;. .. Since h; _, ¢ h,

we have h)_; ¢ hY Ch’ ;. Lemma 25 also implies that \”, = P +n — 1. Since ¢ does not move

, because then they would be clinching a lurked object, and so h}, is the terminating history, which again contradicts
that 'y, is the next lurked object along the initial passing path.
!Note that this does not necessarily mean that the object clinched at h? is x; or zy,, .
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at b} in I, it must be some ji,...,jp,k1,...,k, that does. If a lurked object is clinched at
h*,then h’ is the terminating history. It also implies that agent k,, is a lurker for some lurked
object, and therefore in step 1 of the coding algorithm, some agent takes the object k,, lurks,
and he ends the step by clinching z;, , which is unlurked. This means that x, is his favorite
object that is unlurked at k. Now, consider I',,,1, and note that A, € b, and h; being the
terminating history implies that b} =h; ;. InT',,,, the set of lurked objects is the same as in
T',., so zy, is again the first unlurked object that is clinched in step 1 of the coding algorithm.
But, since h = h; ,,, there is again an agent in role s" who is an active non-lurker at A, ,, and
so this agent would once again tie with k,, in »,,,1, a contradiction. Therefore, it must be that
k., is the agent that moves at i in I',,, which means that z,, has been offered to both active
non-lurker roles at h; . Since we assumed that A}, C b’ ., it is impossible for k,, to be ranked
(P +n)™" strictly, without ties, in »,,,,"” which is a contradiction. Thus, we have shown that
hr .1 &h;, which is part (a).

Part (b). Part (a) plus Lemma 25 implies that A} , = P +n — 1. Additionally, h},, ¢ h),
means that i) . ; is not the terminating history, so it must be an unlurked object that is clinched
there. Thus, since k,, is ordered (P +n)"" without ties, it must be that k,, clinches x;,, at b’

n+12
and x; is unlurked. m

*

By Lemma 25, the agent that moves at 2 _, must be agent ¢, and therefore, at h_,, there are
two active non-lurker roles that both have been offered ;. Let the role that moves at h)_, be
denoted r, and the other active non-lurker at h* _, be denoted r’. Thus, by definition, o,,_;(r) =
i.

We claim that in I',,,1, ¢ cannot be active at h),_;. At h’_,, there are P +n — 2 active lurker
roles, and two active non-lurker roles, r and r’. First, it is clear that o,,,(r) # i, because
otherwise ¢ is in the same role in I',,_; and I',,,4, and so would clinch at A} _, in I',,,;, which
contradicts h)_; ¢ h;,, from Claim 1. Second, assume that in I',,,;, agent % is in a lurker role
for a lurked object at k) _;, say y. By part (b) of Claim 1, agent k,, clinches an unlurked object
at h;_,, and so all lurkers are immediately assigned to their lurked objects, which means that ¢
would receive y which is a contradiction. ~
It remains to rule out that o,}, (¢) = 7’. By construction, x; € C,.(h}_,), where z; € C,.(h)
for some h ¢ hZ _,. This implies that role r" cannot be the the terminator role, by Lemma 15(iii),
and the fact that z, € C,.(h};_,). Since role 7’ is not the terminator role, only unlurked objects
are possible for role r’, by Lemma 15(iv). As z; is agent ¢’s most preferred unlurked object, by
greedy strategies, she would clinch at h, which is a contradiction. Therefore, i is not active at
hy_in T,

We also claim that ¢ is not active at h)_, in I',,, either. The arguments are the same as above
for I',,,1, except for the case in which ¢ lurks some lurked object at ~ ;. This is ruled out by
the fact that o,,(s") =4, and s’ is a non-lurker at A% _;.

Next, we claim that 0,,,,(s) # 4. To see this, recall that o,,(s") =4, and, as we showed, i is
not active at h*_, in I',, or I',,,;. This means that s # r,7’, or in other words, s’ is a role that
becomes active after h_,. Thus, we must have s = or 7/, and so role s is active at i) _,, which
implies that 0,,,;(s) # .

Next, we claim that 0,,,,(s") = k,,. Indeed, since h}_, € h*,, ¢h’ and k,, moves at h* . k,
must be in role either s or s'. If 0,,,1(s) = k,,, then, since she does not tie in »,,, she must

clinch z;,, at some history h’ such that b} _; ¢ h' ¢ h, where h is the history at which role s’

(Remark 5). If
then either

"Note that zj, cannot be the next lurked object, so, there must be no newly lurked objects at kY,
kr, clinches at h} , ,, she would tie with the other active non-lurker. If some other agent clinches at h,

n+1l°
this agent is ranked strictly ahead of k,,, or she ties with k,,, which again is a contradiction.
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is offered to clinch x, . This implies that o, (s) # k,,, as else in I',,, she would also clinch at
h'.So, in T, 0,(s) =k, for some n' <n or 0,(s) = j, for some p=1,...P. This implies
that h? is the terminating history. Furthermore, k,, is in the lurker role for some object ' €
{xj,,...,%5p, Tky,- .., Tk, , }» which implies that k,, strictly prefers z’ to ;,, . But then, since
Oni1(8) = ky, agent k,, is in the terminator role in T',,,,, and thus ' is a possible outcome for
her, she would not choose to clinch x,, firstat A} ,,, a contradiction. Therefore, 7,,,1(s") = k,,.
Concluding the argument for Case 2.1, because k,, clinches an unlurked object at A}, in

I',.1, all agents j1,...,5p,k1,...,k,_1 must be in the lurker role for their respective objects.
Therefore, none of them are in role s. As just shown, 0,,,1(s) # k,, or i, either. All of this means
that 0., (s) = ¢ for some £ # j1,...,5p,k1,...,kn,i, and in T',,.,,, we have z; € C; (h},,), as
desired.

Case 2.2: 7, is the first unlurked object that is clinched in step 1 of the coding algorithm
in T',,. In this case, we have that 0,,(s") = k,, and x; € C.,(h) for some h ¢ h}. There are two
further subcases:

Case 2.2.1: 0,(s) # i. In this subcase, 0,(s) is one of ji,...,5p,k1,...,kn_1, and is
clinching a lurked object at h). This implies that i is the terminating history, and s is the
terminator role, which also means that we have h),_; ¢ k), € h. This combined with Lemma
25 implies that there are P +n — 1 lurkers at i), and the structure of »,,; means that z;, is
the first unlurked object clinched in step 1 of I',,,1, and, at A} ,,, z,, has not been offered to
the active non-lurker who does not move at ) .

We also claim that role s cannot be active at history h _;. Indeed, since ¢ clinches at A _,
in I',,_; and ties, we know that there are two active non-lurker roles, say r and 7', and they
both have been offered ;. If role s were one of these roles, then, since s is the terminator role,
Lemma 15 implies that z; ¢ C'.»(h), which is a contradiction. This implies that role s is a role
that becomes active after 2 _,. Since there is only one new lurker between h)_; and A ,,, this
further implies that role s’ must have been active at h,_,, and z; € C5, (h)_,).

We next claim that 0,,, (s") # 7. To see why this is true, notice that s’ is not the terminator role
(because that is role s). Thus, only unlurked objects are possible for role s’ (Lemma 15(iv)),
and, since we know that x; is 4’s favorite unlurked object, if she were in role s’, she would
clinch at 7 ¢ h* , ,, a contradiction. Therefore, 7,1 (s") # i.

Now, ifitis one of the ji,...,jp,k1,...,k,_1 thatmovesat b, then i) ; is the terminating
history, and so h},, = h. This implies that =, has been offered to the agent in role ,,,(s")
(who is not coded in step 1). As we just showed that o,,,,(s") # ¢, we have o,,,,(s") = ¢ for
some % jy,...,5p,k1,..., kn, and z; € Co(h? ;) in T4, as desired.

Concluding subcase 2.2.1, assume that it is k,, that moves at 2 ,; in I',,,;. This means that
k, is in role s or s’ in I',,,;. Note that we cannot have o,,,,(s’) = k,,, because if this were
true, then k,, has the same role in I',, as in I[',,,;, and would pass at all histories in I',,,;, just

as she did in T,,. Therefore, 0,,,1(s) = k,. Again, as we know that o,,,,(s") # ¢, we have that

*

Ons1(s") =L forsome £+ j1,...,jp,k1,... kn, and 2; € Co(hZ,,) in T, as desired.
Case 2.2.2: 0,,(s) = 1. In this subcase, ¢ clinches x; at h;. If b} C h’_,, then notice that at

h: inT',,,1, there are two active non-lurker roles, s and s’, that have been offered z;. We claim
that 0.}, (i) # s, s'. First, it is clear that o,,,1(s) # i, as otherwise, ¢ would clinch at b} inT,,,,,
just as she did in T',,. To see that 0,,,1(s") # 4, notice that role s’ cannot be the terminator role,

by Lemma 15 and the fact that z; € C,(h) and z; € C%,(h}). Thus, only unlurked objects are
possible for role s’, and so if 0,,,,(s") =4, since z; is ¢’s top unlurked object, she would clinch
it at some history 2’ € b’ € h’,,, which is a contradiction. Therefore, o}, () # s, ", and so

there must be some £ # ji,...,jp, k1,...,k, such that z; e Cy(h?,,), as desired.
It remains to consider h} ., ¢ k. Then, there are P +n — 1 lurkers at h} ,, and, since A
This also implies that k,,

is not the terminating history, it must be agent k,, that moves at A, ;.
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isin role s or s'. If 0,,,1(s") = k,,, then k,, is in the same role in T',,,, as in T',,, and would pass
at h!,, inT',,,; as she did in I',,,which is a contradiction. Therefore, 0,,,1(s) = k,,.

We claim that role s is not active at history h;_,. Indeed, notice that because 7 clinches at
h:_, inT',_;, we have that x; € C5(h}_,). This implies that role s is not the terminator role,
which follows by Lemma 15 and the fact that z; € C/(h") for some h’ 2 h?_,. This implies
that only unlurked objects are possible for role s when she is called to play. Thus, if role s
were an active non-lurker at history A’ _,, then, in I',,, when o,,(s) =4, agent i is offered to
clinch z; at some h' c h_,. Since we know that only unlurked objects are possible, and x; is
1’s top unlurked object, she would clinch at A’ ¢ A} in I',,, which is a contradiction. Since role
s is not active at h)_,, there are two roles that are not s that are active non-lurkers at 2 _, and
such that both have been offered to clinch x;. At b, in I',,,1, at least one of these roles must
still be active and not assigned to any agent ji,...,jp,Kk1,...,k,,2. Thus, there must be some
£#351,...,5p,k1,...,k,,% such that £ is an active non-lurker that does not move at A}, and
z; € C;(hZ,,), as desired. This concludes the analysis of subcase 2.2.2, and hence of case 2.2.

The above shows that in all cases, there is some £ # j,,...,5p,k1,...,k,,? such that £ is an
active non-lurker that does not move at i}, , and x; € C; (h},,) in game T',,,,. Recall that, by
Lemma25, A}, > P+n-1.1f \>,, > P+n—1, then there are at least P + n lurked objects at
h? ., and the only way i can be ranked in the (P +n + 1) position in >, is if she is coded

in the first step. Since there is some agent £ # i such that z; € C; (h?, ), i can at best tie with
this agent. If A} ; = P +n—1, then by the structure of »,,,, it must be agent k,, that clinches at
h? .1, and there is no tie at the end of step 1. This means that ¢ is not coded in step 1, and so at
hZ, (the beginning of step 2 of the coding algorithm) agent ¢ moves and is offered to clinch ;.
Now, for 7 to be ranked immediately after k,,, she must be ordered first in step 2 of the coding
algorithm, and for ¢ to be ordered first without ties, either she must lurk z; and it is the first
lurked object, or 2 must clinch z; while there are no lurked objects and before x; has not been
offered to another active non-lurker. However, neither of these can occur because at b agent
¢ was offered to clinch x;. Therefore, in »,,;, ¢ must tie with some agent that we label k,,,;.

This completes the proof of Lemma 20. [ |

Proof of Lemma 21

We start with the following lemma. Let h” denote the history at which the first clinching
action is taken in I" 4, h; denotes the history at which the first clinching action is taken in I'5.

LEMMA 26: Consider two games 1" 4 and I' g, with corresponding role assignment functions
o4 and o, and resulting codings » 5 and » . Assume that » 5 begins as {i,j} > -+, and » g
begins as: j »p i---. Further, assume that in game T 4, there is some history h where j moves
such that: (i) h € I}, (ii) x; € C;(h) (iii) x; ¢ C5(h) (iv) x5,2; ¢ CF (h). Then:

(a) If agent j clinches at L% in I 4, then in I'g, agent j clinches at h’y € b, and there is
some agent k # 1, j that is an active non-lurker at hy; such that x; € Cy(hg).

(b) In » g, agent © must tie with some other agent k.

Proof of Lemma 26. Notice that by the structure of » 4, at history h’, there are two active
roles, and both are nonlurkers at h%; label the roles s and s’, and, wlog, let 04(s) =4 and
o4(s") = j. Using these definitions, we can write the presumptions of the lemma as (ii) x; €
Cy(h) (iii) z; ¢ C5 (h) and (iv) x;,z; ¢ C5(h). Also, notice that h € %, implies that there are
no lurkers at ki, and so the only roles that may possibly be active at & are s and s’. Finally, since
x; and z; tie for the top ranking in > 4, it must be that z; is ¢’s favorite object among all objects
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and z; is j’s favorite object among all objects. Therefore, by greedy strategies, if at any history
¢ is able to clinch x;, she will do so, and the same for j and ;.

Part (a). The structure of » 4 implies that x; € C;(h") for some h’ ¢ h%. Now, consider I' .
The only way for j to be ranked first without ties is that o5 (s) = 7, and j clinches at h}; ¢ h%."*
Let k:=0(s"), and notice that, by the assumptions of the lemma, x; ¢ C5(h), and so h ¢ h};,
and therefore z; € C%,(h%). It is clear that k # j. Further, k # i because if k = 7, then x; € C;(h)
in I' g, and thus, ¢ would clinch x; at h ¢ h; in I' 5, which contradicts that the first clinching in
I'p is j clinching at hj. Therefore, o5 (s’) = k for some k +# 4, j, and k is an active non-lurker
that does not move at h}; such that x; € Cy(h}y) in I'p.

Part (b). If j clinches at i’y then by part (a), in I' 5, there is an agent k such that z; € C; (h};)
and k is not coded in the coding step initiated at hj;. Let h;" 2 h; be the history at which the
next clinching occurs in I'g. Since k was offered z; in the previous coding step, but is still
active, at hé, agent k is offered to clinch x; again (see Remark 3, in particular footnote 49
of the main text). Thus, z; cannot be the first lurked object on the initial passing path of the
continuation game form (Remark 5), and so since ¢ is ranked immediately following j in » g,
there must be no lurked objects at h};". For 7 to be coded next, she must be active at h%", and
since there are no lurked objects, there are two active agents, ¢ and k. If k clinches at h%', it is
obvious that ¢ can at best tie; if 7 clinches at %', ¢ once again ties with &, because z; € C}; (h}).

The other possibility is that 7 clinches at h% in I 4, which implies that z; € C,(h") for some
h' ¢ h’ . For j to be ranked first without ties in >, at h% in I'pg, either (a) there are lurkers,
and z; is the first lurked object or (b) there are no lurkers, j clinches x;, and x; has not been
offered to another non-lurker that is active at h%. There are 3 cases:

Case: o3(s’) = 1. In this case, ¢ would clinch x; at h and would be ranked first in > 5, which
is a contradiction."

Case: op(s’) = j. Here, j is in the same role in both games, and therefore o(s) = ¢ # 1,
which follows because if ¢ = 4, then both j and ¢ are in the same roles, and we would get the
same initial orderings for », and >, a contradiction.” This implies that h}; 2 h%, because
if b3, € by, then, since j is in the same role, she would clinch at h}, in T4, a contradiction.”’
Recall that i is ranked immediately after j in >z, and because x; € C7 (h7), this is only possible
if 4 ties with £. To see this, assume that ¢ was ranked strictly, i.e., j >»p @ >p ---. This can only
happen if either: (i) z; is the oldest lurked object and z; is second-oldest lurked object at i},
(i1) the only lurked object at h}; is x;, while ; is unlurked at i}, ¢ clinches z; at hy, and x;
has not been previously offered to another active non-lurker or (iii) agent j is the only agent
coded in step 1 of I', and agent i is the first agent coded in step 2, and she is ranked strictly.
But, as x; has been offered to both j and ¢ weakly prior to 2% and h’* ¢ h’, none of these three
possibilities can hold, and therefore, < must tie in » 5.%

18The only other way for j to be ranked first without ties is that z; is the first lurked object; however, this cannot
obtain, because z; € Cs (h’) at some history h’ where there are no lurkers.

“Note that z; has not been offered to any agent at h, by the presumptions of the lemma.

2ONotice that in T 4, at h’% , only two agents are active, ¢ and j. If these agents are in the same roles in I' 5, then
»p would also begin {7,5} >5 .

2The case h}; = h* is ruled out because ¢ moves at h* in I' 4, and this history is controlled by role s, not s’.

22Because x; has been offered to both j and £ weakly prior to k%, it cannot be the first or second lurked object
(see Remark 5), which rules out (i). Since x; € C7 (h};), (ii) cannot hold. For (iii), since j is the only agent coded
in step 1, but =; € C7 (h’% ), we have that £ begins the round 2 continuation game by being offered x; (plus possibly
other objects) at h%. Since x; € Cg(h%), x; cannot be the first lurked object in round 2 (again by Remark 5), nor
can ¢ be ranked first in this round and strictly so (for ¢ to be ranked strictly first in the continuation game, either
z;—which Lemma 3 tells us ¢ gets—has to be the first lurked object, or there are no lurked objects and ¢ clinches x;
while it is unlurked and it has not been offered to the other active non-lurker; neither of these can happen because the
continuation game begins with z; being offered to £).
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Case: o5(s’) = ¢ for some ¢’ i, j. First, notice that o5 (s) = £ for some £ + 3. To see this,
assume that £ = ¢. Then, ¢ is in the same role in I" 4 and I' 5. This implies that h}; ¢ 2%, because
if h% is reached in I'g, ¢ would clinch there, and be ranked above j. But, h; ¢ h% implies that
7 is not ranked first in > (since she is not yet active at h};), which is a contradiction.

If 05(s) = 7, then for j to be ranked first in > 5, either (a) x; is the first lurked object on the
path to h}; or (b) there are no lurked objects at hp, j clinches x; at A%, and ; has not been
offered to another active non-lurker. Notice that h}, 2 b, which implies that z; € C5,(h). But,
since x; has been offered to agent ¢', it is impossible for ¢ to be ranked immediately after j in
» g without ties. Therefore, ¢ must tie in » 5.

If op(s) # j, then roles s and s’ are assigned to agents £ and ¢’ in Iz, neither of which are j
or ¢. So, for j to be ranked first without ties, x; must be the first lurked object (and be lurked
by either ¢ or £'), and j must clinch it at some h}; 2 h%. For i to be ranked second without
ties in this case, there must be two lurked objects at h%,** and x; must be the second lurked
object (after x;). But, at the history h"” 2 h’, where z; becomes lurked, one of agents £ or ¢’ is
an active non-lurker who has been previously offered to clinch z;, and so z; cannot be the next
lurked object, a contradiction. This completes the proof of Lemma 26. ]

Continuing with the proof of Lemma 21, first, consider () = 1. Then, all agents ji,...,jp,
ki,...,k,,i are coded in step 1 of game I',. By Remark 6, =, ,...,2;,, %k, ,..., 2, , all
become lurked on the initial passing path of the game form, and further, since n > 2, we can
apply Lemma 20, which completes the proof for this case.

It remains to consider () > 2. Since at least P+ 1 agents are coded in step 1 (see the discussion
at the beginning of the proof of Lemma 5), all agents j,, have been coded in the first step, and
so the agent who is coded first in step @) of the coding algorithm of T, is k5 for some 7 < n.
So, the subcoding of »,, starting from step @ is:

kﬁ >n kﬁ+1 >p ot > kn—l >n {27 kn}

Consider the sequence of games I';,1';.1...,1,,I",;1. Notice that the codings for all of
these games are exactly the same, up to agent k;_;. Therefore, by Lemma 4, all agents
J1y---sJpsk1,...,kn_1 are in the same roles in all of these games. In particular, agent kj_;
is the last agent coded in step @ — 1 in all of these games, and the initiating history of the
continuation game that begins step () is the also the same in all of these games; label this
history hg. Now, applying the coding algorithm to the sequence of continuation games of
Ts,..., T, Ty starting from history hg, we get the sub-codings:

{i,kn} >

ka »ns1 {i, kﬁ+1} >he1 "

kﬁ >n kﬁ+1 Pn P kn—l >n {kan} >t

kﬁ >n+l kﬁJrl >4l gl kn >n+l (2

There are two cases.

21n case (a), this follows because there are no lurkers at h; in case (b), it follows from the assumption of the lemma
that z; ¢ C<S(h).

24Since j clinches at h%,, if there is no other lurked object at h%,, the only active agents are £,#’, and 5, and so one
of £ or ¢/ will be ranked above 7 in > g, which is a contradiction.
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Case 1: n < n. In this case, we can apply Lemma 20 to the game form starting from hg to
conclude that ¢ must tie in >, . To see this, simply note that upon reindexing to start from hg
rather than hg, the condition “n > 2” becomes “n >n + 1”. Then, we have that x,_,..., 7, ,
all become lurked on the initial passing path of the game form starting from A%, which follows
from Remark 6, n > 7 + 1, and the fact that ¢ is coded in the initial step of the continuation game
of I, starting from hg. Thus, all of the conditions of Lemma 20 are satisfied.

Case 2: n =n. In this case, the games we are concerned with are I',, and [',,,;, with
subcodings:

Ky >t e

Notice that here, we can no longer apply Lemma 20, since we do not have at least two games
in which ¢ ties in the sequence. Our goal is to apply Lemma 26 instead, but to do so, we must
show that the conditions (i)-(iv) of Lemma 26 are satisfied at hg.

For each each coding step ¢ =1,...,Q of game I',,, let hZ* denote history at which the first
object is clinched in the ¢ coding step, and let hZ% denote the initial history that begins the
continuation game for the next step, after all of the agents in step ¢ — 1 are coded (in particular,
h21 = hg, and hl* = b in our earlier notation). In »,,, all agents who are coded in steps ¢ < @
are ranked strictly, without ties. Let k,,4 denote the agent who is coded last in the ¢'" step. With
this notation, the subcoding from the ¢*" step is:

knq*1+1 >n knq*1+1 Pt P kn‘ly

where we define n° = 0. It is possible that k,,4-1,1 = k,,q, in which case only one agent is coded
in step g. Since there are no ties, agent k,,« ends the coding step by clinching an unlurked object
that has not been offered to another non-lurker who is active at hZ*.

CLAIM 1: Assume that () > 1, and that at h}f’ there is an agent ¢ that is an active non-
lurker at h* that does not move at h'* and x; € Cj (hL*). For all q < Q, there is an agent
L+ k... kna,t such that £ is an active nonlurker at h* that does not move at h%*, and
z; € C; (h).

Claim 1 (whose proof can be found starting with the next paragraph) implies that when we
reach step @ in I',,, at the initiating history of the continuation game ho? that begins this step,
there is some agent £ # k1,...,k,_ 1,7 such that x; € Cg(hSQ ). Since the subcodings for »,, in
this step begin with a tie between ¢ and k,, (see Equation A), it must be that ¢ = k,,. Finally, we
apply Lemma 26 by setting A=n, B=n+1, h= hoe, j =k, and i =1 to conclude that ¢ must
tie in »,,,1.” To complete the proof of Lemma 21, we hence only need to prove Claim 1.

Proof of Claim 1 (stated above). By supposition, there is an agent £ that is an active nonlurker
at h!* that does not move at h*, and x; € C; (h1*). Itis clear that £ is not coded in step 1 (since
there is no tie in step 1), and so £ # ky, ..., k,1. To see that £ # ¢, note that if £ =4 , then step 2
begins with agent i being offered to clinch z;. If 7 is not coded in step 2, then step 3 begins with

ZCondition (i) of Lemma 26 is immediate. Condition (ii) was just shown. Condition (iii) holds because, if Tk, €
Ch,, (h%Q ), then k,, would immediately clinch it at A%, and would not tie with 4 in >,. Condition (iv) is also
immediate, as ¢ has not yet been called to move at hSQ .
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1 being offered x;, etc. The same continues up to and including step @), in which ¢ is coded.
Since ¢ is coded first in step @ (tying with k,,) x; is her top object among those that remain
at the beginning of step Q. Since z; € C;(h{@-1*), agent i begins step @ by being offered to
clinch z; at the initial history of this step. Since x; is her top remaining object, she would clinch
it, and thus would not tie with k,,, which is a contradiction. Thus, the statement holds for ¢ = 1.
Now, consider step ¢ = 2 of game I',,, which begins at 222 and produces the subcoding:

kn1+1 >n kn1+2 Pt Pn kn2 >n

Case 1: n? =n' + 1. Then only one agent, agent k,,1,,, is coded in step 2 of game I',,, which
begins with the continuation game that starts at history 222. The result from step 1 implies that
at h?2, some agent £ # k1, ..., k,1,i moves and x; € Cy,(h22).

Since k,,1,, is the only agent coded in step 2 of I',,, and does not tie, she must clinch Ty,
at h2* in T',, while it is unlurked, and before it is offered to another active non-lurker. Now, since
>, and »,1 ., are the same up til agent k,,1, Lemma 4 implies that h?2 = thH; for shorthand,
define h?2 :=h22 = hf 7 .. The second step continuation games of I',;1,; and I',, both start from

1
h?2, and lead to the ini?ial subcodings:

{ivkn1+1} >pleg e

kn1+1 >n

Let role s be the role that moves at h?2, and role s’ be the second role that becomes active
on the initial passing path of the game form starting from ~222. These two roles exist because
there is an initial tie in »,1,4, and in I' 1,4, s and s’ are assigned to k,,1,; and 4, in some
manner. If 0,1, (s) =, then 7 would clinch at A?2 in T .1, and would not tie, a contradiction.
Therefore, 0,,1,1(s) = k,1,1, which implies that Ty, ¢ C’kn1+1(h‘22); indeed, if this were
true, then k,,1,; would clinch it at hng in I',,1,,, which contradicts that k,,1,, ties in >,1,.

Now, if 0,,(s) = k,1,1, then k,,1,; is in the same role in both games, and so it must be 4 that
clinches at 2% |, which means that x; € Cs(h2% | ).*° It also means that h2* 2 h?1 |, and that
on(s") #1, and so, there exists some agent ¢’ # ¢ such that in I,,, z; € ng(hi ), which is what
we wanted to show.

Last, if 0,,(s) # kn1,41, then 0,,(s") = k,1,,. Thus, in this case, there is some agent other
agent ¢ such that 0,,(s) = £. Again, ¢ # i, because x; € C;(h?2). Thus, when k,,1,, clinches at
h2*inT,,, we have z; € C; (h2"), as desired.

Case 2: n? >n' + 1. Consider games I',,1,1,',1,0, ..., and notice that the codings for all
of these games are equivalent up to agent k1. Therefore, by Lemma 4, all agents k1,..., k1
are in the same roles in all of these games, and so these agents will take the same actions, which
implies that, for each of these games, step 2 of the coding algorithm begins at the same history
of the game form, which we denote h?2.

Consider the continuation game starting at 222, and recall that 12} is the first time an object
is clinched in step 2 of game I',,, which is also the first time an object is clinched in step
1 of the continuation game beginning at h%2. Notice that by the structure of »,, the objects
Ti Tk, are lurked at h2* in T,,, while s is not, i.e., objects x;, L Tk 5
are the ﬁrst lurked objects (in order) along the initial passing path of the game form begmmng
at h?2.

2Tf k144 clinched first in T',,1,, and T',,, and is in the same role, then the subcodings »,1., and »,, would be
the same up to k,,1,,, which is a contradiction.
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The subcodings of games I",;1,1,T 140, .., 2,1 beginning at history h?? are:

{i7kn1+1} >plel

k‘n1+1 >n2 k‘n1+2 >n2 s >p2 an—l >n2 {i,an} »>p2 .

kn1+1 >n241 kn1+2 >n241 0 P24 an >n241 {i7kn2+1}'“

By Lemma 20 applied to the continuation game and subcodings beginning at 7?2, in I',,2,4,
at hfL*Q ., there is an agent £ such that £ is an active non-lurker at hf;; ., that does not move at
h%;,, and z; € C;(h%; ). Since >, is equivalent to »>,2,; up to agent k,,, and agent k,, is
the last agent in a coding step of game I',,, we have that h2* = k%% |, by Lemma 4. This implies
that at h2*, there is an agent ¢ that is an active non-lurker at h2* that does not move at h2* and
x; € C7 (h?*) (which may or may not be the same such agent in I',,2,, depending on the role
assignment functions).

It remains to show that ¢+ ky,...,k,2,4. It is clear that £ # ky,...,k,2, since all of these
agents are coded by the end of step 2 in I',,, while agent ¢ is not. If £ =, step 3 begins with
agent ¢ being offered to clinch z;. If ¢ is not coded in step 3, then ¢ continues to be active in step
4, which begins with ¢ being offered x;, etc.. The same continues up to and including step @,
in which i is coded. Since ¢ is coded first in step @) (tying with k,,) x; is her top object among
those that remain at the beginning of step Q. Since x; € C;(h{?=V*), agent i begins step Q by
being offered to clinch z; at the initial history of this step. Since x; is her top remaining object,
she would clinch it, and thus would not tie with k,,, which is a contradiction. Therefore, ¢ + i.
This completes the result for g = 2.

We then just repeat the arguments for the ¢ = 2 case for all ¢ = 3,4, ...,Q -1, which completes
the proof of Claim 1 and hence of Lemma 21. [ |

Proof of Lemma 22

The proof strategy is to apply Lemma 21. Thus, consider game I',,, and, as in the statement
of Lemma 21, let ) be the step of the coding algorithm in which 7 is coded in game T',, and h..*
be the history at which the first clinching action is taken in step g € {1,...,Q} of game T',,. If
@ =1, we can apply Lemma 21 immediately to conclude i ties with some agent k,,,; in >, 1.
So, consider @ > 1. To apply Lemma 21 in this case, we must show that at 1}*, there is an agent
¢ that is an active non-lurker at h'* that does not move at h'* and x; € C§ (hL").

We first claim that at h,lf, there are at least P + 1 lurked objects. As discussed at the
beginning of the proof of Lemma 5, we can assume that j; », - >, jp >, --- and that the
objects z;,,...,x;, are all lurked at h,*" = (B,a*,...,a*), where = (hg,a*,...,a*) is the
earliest history at which the youngest lurked object among the x;’s, z;,,, becomes lurked. So,
there are at least P lurked objects at h.*. If there are exactly P lurked objects at h>*, then no
new object has become lurked on the passing path from h to hl*, which implies that h* is
not a terminating history. This follows because a presumption in the statement of the lemma
is that x;, is the (P + 1)™ lurked object along the initial passing path, so there must some
continuation history (h.*,a*,...,a*) at which z;, becomes lurked. We also conclude that the
agents coded in step 1 of the coding algorithm applied to I',, are ji,...,jp,k:,”” and so one

?"This is because the agents coded in a step that is initiated at some hl* are: (i) the lurkers at h1*, (ii) the non-
lurker who moves at h1*, and (iii) possibly one more active non-lurker, and if this agent is coded, there must be a tie

n
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of these agents moves at h.*. Recall that by Lemma 3, all of these agents receive the same
object in all games under consideration, namely x;, for agent j, and z,, for agent k; (cf. the
last bullet point in the discussion of arms on page 26). Assume first that the agent who moves
at h,* is some j,. This means that j, must be clinching x;, at h)*. As x;  is a lurked object
at h1*, Lemma 14 implies that h}* is the terminating history, which is a contradiction. So, the
agent who moves at h,lf must be agent k;, who clinches x, . But then, at h}f, Ty, has been
offered to an active non-lurker, which implies that x;, cannot be the next lurked object along
the initial passing path (Remark 5), which is again a contradiction.

Therefore, there are at least P + 1 lurked object at h,.*. In particular, the objects z;,,...,2;,,
Thy s,k ,  are all lurked at hl*, while xy, , is not, for some n >n'> 1.2 Consider game
I',./;1 and notice that »,, is equivalent to »,.,; up to agent k,,. By Lemma 4, all agents
Jise--sJpskis- ..,k are in the same roles in all of these games, and h'* = h!7, . By Lemma
20,” in T',41, at b7, |, there is an agent £ such that £ is an active non-lurker at 47, | that does
not move at h'%,,, and x; € C; (k2. ). Since hi* = hl;, |, we conclude the same is true at h%*.
Thus, we can apply Lemma 21 to conclude that agent ¢ must tie with some agent k,,,; in >,,,1.
]

Proof of Lemma 23
We begin by showing the result for n = 1, as part of the following claim.

CLAIM 1: Assume that there exist oy and o, such that:

Jurgp>oi>o k>
Juede o {d ke

Then:

(a) We have hg ¢ hi, and the agent that moves at hy in Ty is agent 1.

(b) If there exists a o such that ji--jp > ki > 4+, then hy ¢ hi. Further, in »,, agent i
must tie with some other agent k.

(c) If xy, is not the (P + 1)™ lurked object on the initial passing path, then in s, agent k;
clinches at hy € hi. Further, at h, there is an active non-lurker £ # jy,...,jp,i, k1 such that

x;€Cf(h3).

The proof of this claim can be found immediately after the proof of this lemma. Now,
consider a sequence « such that n > 2. We will show that ¢ must tie in »,, .

In game I',,, 7 is coded in some step of the coding algorithm with some subset of the agents
Ji---ydp, k1, .., ka1 Let Q be the step number in which i is coded in game I',,. The goal is
to apply Lemma 21, which the following claim allows us to do.

CLAIM 2: If Q 22, then at h}, there is an agent { that is an active non-lurker at h, that
does not move at h}, and z; € C5 (h).

at the end of the step. As there is no tie in (P + 1)*" place under »,,, there is no agent of type (iii), and thus at most
P +1 agents are coded, namely the agents j1,...,jp, k1.

28Because @ > 2, the last agent coded in step 1 of I, is at most k,,_1, which means that ,,_, is not lurked at this
point. Thus, the last lurked object is at most x,,_,, which implies n’ <n. That n’ > 1 follows from the supposition
that z, is the (P + 1)*" lurked object on the initial passing path of the game form, and, as we just showed, at least
P +1 objects are lurked at h*.

»In this case, we apply Lemma 20 to the arm (o1, ...,0741).
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The proof of this claim is found below, immediately after the proof of Claim 1. Given Claim
2, we can apply Lemma 21 to conclude that ¢ must tie in >, ;, and hence proving Claims 1 and
2 is sufficient to complete the proof of Lemma 23.

Proof of Claim 1 (stated above). Since we assume there are at least P lurkers at i}, by the
structure of »1, there are exactly P lurkers at ~}. This implies that the first P lurked objects are
Zj,,---,T;,. Additionally, objects x,; and xj, are unlurked at k], and so x; and x, are agent
¢ and k;’s favorite objects among the set of those that are unlurked at hj, respectively.

Part (a). Suppose not, then the passing structure of histories implies that ] C h;. Notice that
at hy, there must be two active non-lurker roles.

Case 1: P = 0. In this case, there are no agents j,,, so at h}, there are exactly two active roles,
label them s and s’, and wlog, let o1 (s) =¢ and o, (s") = k. If @ clinches at h] in T';, then
z; € C%(h}) and z; € Cy(h}). Now, for i to be ranked first without ties in >, either (i) ; is
the first lurked object of the game or (ii) ¢ clinches z; first as an unlurked object, and it has not
been offered to another active non-lurker. However, h] C hj implies that neither (i) nor (ii) can
obtain, as x; has been offered to both active non-lurkers at ], which is a contradiction.

If &, clinches at k] in Ty, then xy, € CZ(hY) and zy, € CS (h7). Now, k] € h implies that in
Lo, 05 (k1) # 5,8".* Since k; is not in either of these roles, there is some £ # 7, k, that is active
at hy in Iy and is such that z; € C7(h}). Notice also that since xj, has been offered to both
active agents at h7, it cannot be the second lurked object along the initial passing path (Remark
5), and so for k; to be ranked second, there can be at most 3 active agents at b, in particular
agents i, k;, and £. If k; moves at hg, ¢ must be lurking x;, and k; will tie with agent ¢. If ¢
moves at hj, it is clear k; will not be ranked second without ties. If 7 moves at hg, then there
must be no lurked objects at hj.>" But, since h} € h, we have z, € C,(h), and so, since £
was not coded in the first step, she begins the second step by being offered x, at the initiating
history of the continuation game. Thus, it is impossible for %, to be ranked first without ties in
this continuation game, a contradiction.

Case 2: P > 1. In this case, there is at least one lurker j, at h]. Further, at hj, there are P
active lurker roles for the objects z;, ,...,x;,, and 2 active non-lurkers roles; label the role that
moves at h] as s, and the other active nonlurker at i] as s'. There are three subcases, depending
on who is in role s.

Subcase 2.1. o, (s) = . In this case, we have o,(s") = k; and z; € C%,(h}). We first claim
that ¢ cannot be active at h] in I'y. First, notice that ¢ cannot move at h} in I'y, because if she
did, she would choose the same action at h] in both games, and would tie in >, just as she did
in »1. So, 0o(s) #4. Next, assume ¢ is a lurker at h] in I, for some lurked object z;, ,...,2;,.
Note that z; cannot be the next object lurked along the initial passing path because it has been
offered to (both) active non-lurkers at hJ, so at i/, there must be no newly lurked objects, and
roles s and s’ are still active non-lurkers. The first coding of step Iy thus ends when i clinches
x;, which is unlurked. But, because h] C hj, x; has been offered to both role s and s’ at hg,
and one of these is an active non-lurker who does not move at kg, and so 7 would tie with this
agent in »>.

Second, assume that o(s’) = 4. Then, notice that z; € C(h") for some h' ¢ h}. We claim
that ¢ would clinch z; at this history. Indeed, at &/, role s’ is an active non-lurker that is not the

1f 051 (k1) = s, then k1 would clinch at some A’ ¢ h}; if 05 (k1) = s', then ki is in the same role in 'y and
I';, and thus would clinch at hg = h], and would once again tie for first in »¢.

3UIf there were, it must be ;. It cannot be lurked by k1, since this would mean «; is her top object, which is a
contradiction. So, it must be lurked by some ¢ # ¢, k1, and so ¢ will be ranked ahead of or tie with k7 in »;.
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terminator.>> This means that only unlurked objects are possible for the agent in this role, and
since x; is ¢’s favorite unlurked object, she will clinch it at 2’, by greedy strategies. Therefore,
i is not active at h} in I'y.

Now, 4 is not active at h} in I'g, but there are two active non-lurkers, those in roles s and
s’, and both of these have been offered z;. Thus, x; cannot be the next lurked object along the
initial passing path of the game form, and so there can be no newly lurked objects at hj. But
then, ¢ is not active at h (since no new agent can become active unless something else becomes
lurked), and so i is not coded in this step, which contradicts that she is ranked (P +1)*" in ».

Subcase 2.2: 0;(s) = k. In this case, we have x, € Cy/(h") for some h' ¢ hi € h§ and
xy, € Cs(hy). This implies that x, cannot be either of the next two lurked objects on the
initial passing path of the game form (if they exist). Since k; is ordered immediately after ¢ in
»o and k; does not tie, there can be at most one newly lurked object at hj, and it must be x;.

We next claim that k; cannot be active at h} in I'y. It is clear that oo (s) # k;, because
otherwise k; would clinch at h] in T'y, and once again tie in »,. We also have that o4 (s’) # k;.
To see why, notice that s’ is not the terminator role (see footnote 32). So, only unlurked objects
are possible for the agent in this role, and thus, if k; was in this role, she would clinch z, at
h" ¢ hg, since it is her favorite unlurked object. Last, if k; lurks some object x;, at h], then
she strictly prefers x;, to xy,. It then must be some agent j, that moves at hg and clinches a
lurked object T, This means that j, is in the terminator role. We claim that 0" (j,) # s, s".

We know (see footnote 32) that s’ is not the terminator role, so o5 (j,) # 8. If o(s) = j,r,
then s is the terminator role. But, this contradicts that k; clinched zy, firstat k] in I';, since in
that game she was in the terminator role and so x;, is possible for her, and she strictly prefers
it. Therefore, in Iy, j,/ is in some role s” that was not active at hj. This implies that one of s
or s’ is still active at hg in I'g, and whoever it is, this agent has been offered z, prior to hg.
So, k; would tie with this agent in >, a contradiction.

So, k; is not active at b} in I'y. So, there is some agent £ # jq,...,jp,%, ki thatis active at h]
in ['y. This agent cannot be a lurker at i}, since if she were, she would necessarily be coded
in step 1, and, as x;, is not lurked at hj, k, could at best tie with her. Thus, o' (¢) = s or &/,
and no matter which, we have z, € C,(h}). If xy, is clinched in step 1, then k; can at best tie
with £. If k; is not coded in step 1, then in at the start of the continuation game for step 2, £ is
offered x, . But, if this is the case, then %, cannot be ordered first without ties in step 2, which
contradicts the definition of ».

Subcase 2.3: 0, (s) = j, for some p=1,..., P. In this case, agent j, is clinching a lurked
object at hi, and so hj is the terminating history. Then, h] C hy implies that A = hj. Thus, in
Ty, z; is the first (and only) unlurked object clinched in step 1, and so x; ¢ Cf, (h?). So, because
there is a tie in Ty, it must be that x;,, € C% (h}).

Next, we claim that in I'g, k; is not active at hj. Indeed, k; is not in role s (as that is
occupied by j,). She also cannot be a lurker, because she is not coded in step 1 (which ends
with 7). Finally, consider role s’. Notice that s’ is not the terminator role (because that is role
s), and so, if k; were in role s’, she would clinch x;, at some history h’ ¢ h} at which it was
offered to her, a contradiction.

Therefore, there is some ¢ # jq,...,jp,%, k1 that is such that oo(s") =€ and xy, € Cy(hy).
Since ¢ is not coded in step 1, she begins the continuation game for step 2 by being offered zy, .
Thus, k; cannot be ordered first in step 2 without ties, which is a contradiction.

The above shows that hg ¢ hj. To finish the proof of part (a), we must show that agent ¢
moves at hj in I'g. Notice that h§ ¢ h] and the structure of »; implies there can be at most P

2This follows from Lemma 15. If this role were the terminator, then role s could not be offered x; at hi2h'.
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lurkers at hg. First, if there are no lurkers (P = 0) at h, then, it is clear that 7 must move at
hg, as that is the only way she can be ranked first without ties. Now, presume that P > 0. If it
is some j, that moves at g, then j, clinches a lurked object x;,, which implies that hg is the
terminating history, which contradicts hg ¢ hy. Therefore, no agent ji, ..., jp can move at hg.
Since there can be at most P lurkers at hj, given that i is ranked (P + 1) without tying, the
only other possibility is that it is agent ¢ that moves at kg and clinches z;.

Part (b). We first show that hj ¢ h;. By part (a), hy ¢ h]. This means that agent ¢ cannot
move at hg in I';. Nor can any potential agent j,,, because if they did, they would be clinching a
lurked object, which means A is the terminating history, which contradicts h§ ¢ h. Therefore,
it must be k; that moves at kg in I';.

By way of contradiction suppose that hj, ¢ hJ fails; because of the passing structure of this
histories, it means that h} C hj. The structure of >, implies that k; clinches at A3 in I';, which
also means that h} and h} are controlled by different roles, and further h} ¢ hj.> So, in [y, it
must be some agent ¢ # jq,...,jp,%,k; that moves at hj. But then, we have x;, € C,(hg), so
at the initial history of the continuation game that begins step 2, agent £ is offered xy, , and so
k1 cannot be ordered first in step 2, which is a contradiction to the definition of I'y. Therefore,
hs € hs.

Thus, we have hj ¢ hi,h;, and so agent 7 does not move at hj in I'; or I's.

Case 1: Agent £, moves at i in I';. Here, £, is in the same role as in I';, and so h] ¢ h3.
This implies that ¢ must clinch at k] in I';, and so ¢ does not move at h] in I';. If some j,
moves at hj in I'5, then this agent must also clinch at hJ, and she must clinch a lurked object.
This means that 7 must be a lurker for some z; ,, and so she strictly prefers z; , to ;. But then,
the agent that moves at h is in the terminator role, and so in I'y, ¢ is in the terminator role,
and since she clinches z; at h] , this implies that x; is her top object (lurked or unlurked) by
Lemma 15(ii), which is a contradiction. So, it must be some ¢ # ji,...,jp,%, k; that moves at
hiinT'y, andso z; € C’f(h;) in I'5. Since £ is not coded in step 1, she is offered z; at the initial
history of the continuation game that begins step 2. Therefore, ¢ cannot be ranked first without
ties in this continuation game.

Case 2: Some agent j,,...,jp moves at hj in I';. This agent, say j,, must be the one
clinching at A3 (since j, is not a lurker at hj, but ultimately receives a lurked object), and she
must clinch a lurked object. This implies that the agent who moves at hj is in the terminator
role, and that hJ is the terminating history, so k] € h3. Let r be the other role that is active at
h;. Since there is a tie in >4, this role must be such that either z; € C;(h}) or x4, € C;(h7). In
the latter subcase, z;, cannot be the next lurked object along the passing path (from 47), and so
there must be no newly lurked objects at k3. Next, notice that o, (r) # k;, because otherwise,
k1 would clinch z;, at the history h’ ¢ h] where it was offered in I';. Thus, k; can at best tie
with the agent o, (r), which is a contradiction.

For the subcase x; € C5(h}), if 02(r) = ki, then there is some agent ¢ # ji,...,jp, k1 Who
is a lurker for some z;,,...,x;,. We also have ¢ # 7. This is because the agent who moves at
hg 1s in the terminator role, and so in I'y, ¢ is in this role, and since she clinches, z; is her top
available object (lurked or unlurked), and therefore ¢ cannot lurk any of the xj, ’s. Therefore,
agent ¢ will be ranked ahead of ¢ in »,, a contradiction.>* We also cannot have oa(r) =1,
because ¢ would clinch z; at the history h’ ¢ h] at which she was offered ;. Thus, o5(r) = £
for some ¢ # ji,...,jp,%, k1. Agent £ is not coded in step 1, and thus, she is offered x; at the
initiating history of the continuation game that begins step 2, and so 4 cannot be ranked first
without tying in step 2.

B3If they were the same role, then k; is in this role in I'1, and would clinch at A3 in I'1, which is a contradiction.
3Note that z; cannot be lurked at h3, since it has been offered to agent j,, at h¢y, who is the terminator.
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Part (c). If 2, is not the (P + 1)*" lurked object, then, because k; is ordered without tying
in »,, at hj, k; must clinch z,,, and it has not been offered to another active non-lurker. Notice
also that h§ ¢ h3 implies that ¢ does not move at b in I'; or I's, and that k£; moves at hg in I';.
If k; moves at hj in I'y, then she is in the same role in both games, and so h; ¢ h. This also
means that ¢ moves at h] in I'; (because if it was &y, then x, is offered to both active roles
at h}, and so in I'y, k; would clinch at some A’ ¢ h3). Thus, z; has been offered to both active
non-lurker roles at hj. This implies that 7 cannot be active at h] in I's, and so there is some

0+ j1,...,7p,%, k1 such that z; € Cy(hy) in I's. If k; does not move at hjj in I'y, then it is some
{#3j1,...,7p,i,k; that moves at h}. In either case, we have z; € C§ (h}) in T3, establishing
Claim 1. m

Proof of Claim 2 (stated above). Since it is without loss of generality to assume that there
are at least P lurkers at h;, there are two cases. Recall that &, is ranked strictly, without ties,
in »,.

Case 1: There are exactly P lurkers at /. In this case, k; is the last agent coded in step
1 of T',,. Consider game I';, and notice that »,,=>, up to agent k;. Since agent k; is the last
agent in a coding step, by Lemma 4, all agents ji,...,jp, k; are in the same roles in I'; and T',,,
and h’ = hj. Further, notice that , is not the (P + 1) lurked object along the initial passing
path,” and so, by Claim 1 part (c), there is an agent ¢ that is an active non-lurker at 1} that does
not move at hj and x; € C; (h}). Since hj = h’,, the result holds.

Case 2: There are strictly greater than P lurkers at h. In this case, the objects
TjyyeeosTjp,Ty,s. .., Ty, are lurked at by, while z , is not, where n >n'>1.%° Consider
game I',s,;, and notice that »,, is equivalent to »,.,; up to agent k,,-. Therefore, by Lemma 4,
all agents kq,. .., k, are in the same roles in all of these games, and h;, = h,,,. By Lemma 20,
inI',.,1,at by, ., there is an active agent £ such that £ is an active non-lurker at i, ; that does

n/+1
not move at h*,,, and z; € Cy (h},,,). Since h? = h*, ,, Claim 2 holds and so does Lemma 23.
u

Proof of Lemma 24

By the assumption that n,m > 2 in « and o, we have that there exist (at least) the following
codings:

Jiegpom {i ki
Jijp >2 ki > {i;k’z}'”
jl"'jP )>'2 2 )>’2 {kl’ké}

We start by presenting the following two conditions, one of which, when combined with
prior lemmas, will imply that Statement 1 of the lemma holds, and the other of which will
imply Statement 2 of the lemma holds.

e Condition 2: In 'y, at hJ there is an active non-lurker ¢ such that ¢ does not move at h;

and z; € C5 (h3).

3If k4 clinches at h; ,then xy, is offered to an active non-lurker, and so cannot be the next lurked object along the
initial passing path; if some j, clinches at i, then they are clinching a lurked object, and so h}, is the terminating
history, which again implies that z, is not (P + 1)*" lurked object along the initial passing path (because no such
object exists).

%Because Q > 2, the last agent coded in step 1 of I';, is at most k,,_1, which means that x,

the last lurked object is at most x, which is why we have n’ <n.

is not lurked, i.e.,

n-1

n-27
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* Condition 2": In I'}, at hJ,, there is an active non-lurker ¢ such that ¢ does not move at hJ,
and z, € C5 (h3,).”
We first show that these conditions imply the lemma. Then, we show that one of these
conditions must hold.

We will show that Condition 2 implies that Statement 1 of Lemma 24 holds. The two
statements are symmetric, so this will also show that Condition 2’ implies Statement 2 of
Lemma 24.

To show Condition 2 implies Statement 1, we use Lemma 21. So, consider the sequence of
codings

Jigpom {i koo
Jigp>2 ki > {iykz}“'

Jigp >3 ki >3 ko >3 {iyk’s} >3

jl"'jP >n kl >n k2 >n kB >n ot Pa kn—l >n {kan} > e
J1Jp et K1 2 na ko > i1 ks >ai1 o >t Kot s K > e

Recall that it is wlog to assume that there are at least P lurked objects at h*, for each n'.
We claim further that in this case, there are exactly P lurked objects at h”, for each n'. For
n’ =1, this follows from the fact that ¢ and &, tie. For n’ > 1, the next ordered agent is k;. So,
if there were p > P lurked objects at h*,, the (p + 1) lurked object would have to z;, , which
contradicts the supposition of the lemma. Therefore, for all n’ =1,...,n +1, at h”, in game
I',,/, there are exactly P lurked objects, and by definition, these must be z;,,...,z;,, in this
order.

Next, notice that for all n’ > 2, since there are exactly P lurked objects at h},, the set of
agents coded in step 1 of I, must be jy,...,7jp, k;. In particular, this is true for I'y and T',,
and since », is equivalent to »,, up to agent k;, by Lemma 4, all of these agents are in the
same roles in both games, and h'* = h}. By Condition 2, there is some agent ¢ such that £ is
an active non-lurker that does not move at hj and z; € C; (h}). Since hl* = hj, we have that
in T,,, there is some agent ¢’ that is an active non-lurker at 2* and that does not move at h'*
and z; € C’f(h}b*). Further, () > 2. Thus, all of the conditions of Lemma 21 are satisfied, and we
conclude that ¢ must tie with some agent k,, 1 in »,,1.

We complete the proof of Lemma 24 by showing that at least one of Condition 2 or Condition
2" must hold. This assertion is proven as Lemma 27 below.

LEMMA 27: Assume that there are three codings:
Jijpralik}ra-
jl"'jP >R 7 >pg -
Jijprokr»o
such that:

» Ateach of Iy, hz, hi,, the objects x;,,...,x;, are all lurked, in this order, and

7We use h}, (instead of h’;) to denote the first history at which an object is clinched in game I'}, (under role
assignment o).
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* Neither x; nor x;, are the (P + 1)'" lurked object on the initial passing path of the game.
Then, one of the following conditions must hold:

Condition (B): In I'g, at h; there is an active non-lurker { such that { does not move at h
and z;, € C5 (h3y).

Condition (C): In ¢, at hy,, there is an active non-lurker € such that { does not move at h7,
and z; € C5 (hy).

Proof of Lemma 27. First, notice that in each of the games, there must be exactly P lurkers
at h, for v=A, B,C. Itis a presumption of the lemma that there are at least P lurkers. To see
that there are at most P lurkers, notice that, for I" 4, this holds because 7 and k tie. In I', it
holds because x; is not the next lurked object along the initial passing path, and thus, z; must
be the first—and since there is no tie, only—unlurked object that is coded in step 1. The same
applies to I'c. Therefore, in I" 4, there are exactly P + 2 agents coded in step 1, while in '
and I'c, there are exactly P + 1 agents coded in step 1.

In I' 4, at b, there are P active lurker roles and two active non-lurker roles. The objects
Zj;,...,T;, are lurked, and x; and x; are unlurked. Let s be the active non-lurker role that
moves at h%, and s’ the role of the other active non-lurker. One of x; or x; must be the first
unlurked object that is clinched in step 1 of the coding algorithm, either at b’ itself, or in the
chain of assignments that follows. Assume it is z; (a symmetric argument works if it is ;).
This implies that x; € C% (h%), and 0 4(s") = k. There are two cases, depending on who is in
role s.

Case 1: 04(s) = j, for some p. Agent j, must be clinching a lurked object at h%, which
implies that i% is the terminating history, and s is the terminator role. This means that s is
not the terminator role, and so x, ¢ C’j,(h;); indeed, if this were true, then agent & would
have clinched it in I" 4, because it is her favorite unlurked object and only unlurked objects are
possible for a non-lurker who is not the terminator (Lemma 15(iv)). It also means that agent ¢
must be a lurker for some object x;_, and thus, agent i strictly prefers x;_ to x;.

Now, consider game I'-. The agents coded in step 1 of I'¢ are ji,...,jp,k, and so it must
be one of these agents that moves at h7,.

Subcase 1.1: The agent that clinches at h7, is some j,. Here, h, must also be the
terminating history, and so oc(s) = j,» and k% = hy.. Since k is coded in step 1, she must
then be a lurker, and so there is some other agent £ # j,...,jp,k such that oo (s’) = £. We
claim that ¢ # ¢. Indeed, if ¢ =4, then there is some history h’ ¢ h7, such that z; € C;(h"). Since
s" is not the terminator role, only unlurked objects are possible for 7 in I'¢, and since x; is
her top unlurked object, she would clinch at &/, a contradiction. Therefore, o (s’) = £ # i, and
Condition (C) holds.

Subcase 1.2: Agent £ clinches at 1}, in I'c. Here, we have o (s) = k, because, as we saw
above, z, ¢ C5,(h%) and b is the terminating history, so h¢, € h%. Let A’ ¢ b be the history
at which role s’ is offered to clinch z;.

If b}, 2 A/, then, by similar logic to subcase 1.1, oc(s") = ¢ for some ¢ # ji,...,jp,k,i, and
Condition (C) holds.

Finally, consider h}, ¢ h'.”® In I'g, since there are exactly P + 1 agents coded in step 1,
x; is the first (and only) unlurked object that is clinched, and since there is no tie, it has not
been offered to another active non-lurker. This implies that h};; €A’ ¢ h. Since h}; is not the
terminating history, it must be an unlurked object that is clinched, and therefore, it must be
i that clinches z;. If o5(s) =i, then 7 is in the terminator role, and would not clinch z; first

3¥Note that b, = b’ is ruled out because role s’ moves at k', while role s moves at h,.
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at hj; (recall that she prefers x;, to x;). Thus, it must be that o5 (s") =4, and i clinches z;
at hy. If h; ¢ Ry, then by similar logic to the above, Condition (C) holds. If A, ¢ h}, then
xy, € C%(h%) for the agent in role s. Notice that o5 (s) # k, because if so, then k has the same
rolesin I'g and I' -, and so would clinch at b7, ¢ A% in I'g, a contradiction. It is also immediate
that o5 () # j1,...,jp , since they must be in the lurker roles for their respective objects. Thus,
op(s) =4 for some £ # jy,...,jp,i,k, and Condition (B) holds.

Case 2: 0 4(s) =14. We once again have that role s’ is not the terminator role,* and so, as in
Case 1, x, ¢ Cf,(h;). Once again, consider game I'c. As in Case 1, there are two subcases.

Subcase 2.1: The agent that clinches at /(. in I'c is some j,.. Here, j,/ clinches a lurked
object at hy,, and so hf, is the terminating history. This implies that h% C h7,, and oc(s) = j,.
But then, notice that the agent in role s’ is an active non-lurker at A, that does not move at h7,,
and z; € C%, (hg,). Since this agent is not coded in step 1, we know that o () # ju, ..., jp, k. If
oc(s) =1, then i is offered to clinch x; at some b’ ¢ h},, and since s’ is not the terminator role,
only unlurked objects are possible for her, and therefore, since x; is ¢’s top object, she would
clinch at //, a contradiction. Thus, oo (s’) = £ for some £ # jy,...,jp,i,k, and x; € Cj (h),
i.e., Condition (C) holds.

Subcase 2.2: The agent that clinches at i7, in I'c is k. Since £ clinches first, and x;, is
unlurked, all lurked objects are immediately assigned to their lurkers, which implies that j,, is
in the lurker role for z;; forallp=1,..., P.

If h%) € hy, then, at h},, there are two active non-lurkers, o¢(s) and o¢(s"), and both have
been offered x;. One of these must be k. If o () = k, then notice that o (s) # 4, because
if oc(s) =1, then i is in the same role in I'4 and I'¢, and would clinch at 2% in I'c, which
contradicts that k clinches firstin I'c.. Thus, o (s) =€ #i. If oo (s) = k, thenif o (s") =14, then
1 is in the non-terminator role, and x; € C’z(ﬁ) for some h ¢ h* € hi, and since x; is ¢’s favorite
unlurked object, she will clinch it at iL, a contradiction. Therefore, in either case, there is some
agent { #jy,...,jp,i,k such that z; € C5 (h,), and Condition (C) holds.

It remains to consider h}, ¢ h%. Here, we must have o (s) = k, because if o (s") = k, then
as we showed above, z, ¢ Cf,(hjl), which contradicts that £ clinches at h{,. Now, consider I'g.
In I'g, since there are exactly P + 1 agents coded in step 1, z; is the first (and only) unlurked
object that is clinched, and the agents coded in step 1 are jy,...,Jp,%.

If hi; € h, then, h; ¢ h%, and A} is not the terminating history. Thus, in I'5, agent ¢ must
move at hj, and clinch z;. This implies that o(s’) =4, because if oz (s) =4, then i has the
same role in I'y and I'p and clinches at both h% and h%, which contradicts that h}; ¢ h7.
Further, this means that h}; # h{,, because role s moves at h{, and role s’ moves at h3. Thus,
at hl, in T'c, we have z; € C% (h(.). We cannot have ¢ (s’) =1, because i would clinch at hj

in T'¢, a contradiction. Therefore, o (s") = ¢ for some £ # jy,...,jp,i,k and x; € C§ (h,), and
thus, Condition (C) holds.

If hf ¢ h, then if some j,/ clinches at A% in I'p, then hj; is the terminating history, and
h* <€ h%. But then, there is an active non-lurker—the agent o (s")—that has been offered to
clinch x; prior to h%, and so ¢ would at best tie with this agent in »p, a contradiction. Thus, it
must be i that clinches at h}; in T'5, which implies that 05! (i) = s or . If 05 (i) = s, then 7 has
the same roles in I'4 and I's, and so h% = h’%, and ¢ would tie with the agent in role s’ in » 5,
a contradiction. Thus, o5(s") = i. This means that b}, and h}; are controlled by different roles,
and z;, € C#(h}). Finally, we cannot have o (s) = k, because then £ is in the same role as I'¢c,
and would clinch at h}, ¢ h}, in T'z. So, we must have oz (s) = ¢ for some £ # jy,...,jp,i,k,

and in T, x;, € C5 (k). Therefore, Condition (B) holds.

¥This follows from Lemma 15.
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Finally, notice that all of this was done under the assumption that x; was the first unlurked
object that was clinched in step 1 of the coding algorithm in I" 4. The other possibility is that
this object is x;,. However, everything is symmetric, and so the exact same argument, swapping
the 7 and &, shows that either Condition (B) or Condition (C) must hold in this case as well. ®
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