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Proof of Lemma 6

We first show the result for BG lurkers.1 BG Lemma E.18 shows that the agent who moves
at hN is not a BG lurker at hn

′
for n′ ≤N .2 Thus, we must show that ` does not move at hn

′

for any n′ = n,n+1, . . . ,N −1. It is sufficient to show the result for the earliest history hn such
that ` ∈ LBG(hn). Since ` first becomes a BG lurker at hn, we have that ` moves at hn−1 and:
P`(hn) ≠G`(hn), x` ∈ P`(hn−1), and C⊆` (hn−1) = P`(hn−1) ∖ {x`}. Greedy strategies imply
that all types ≻` that reach hn, are such that Top(≻`,P`(hn)) = x`. Since no agent moves twice
in a row, ` does not move at hn. Assume that `moves at hn

′
for some n′ ∈ {n+1, . . . ,N −1}, and

let hn
′

be the earliest such history where ` moves. If x` ∈C`(hn′), then by greedy strategies, all
types of agent ` that reach hn

′
clinch x`, and thus there is no passing action (it can be pruned)

which is a contradiction. If x` ∉P`(hn′), we have:3

P`(hn′) =P`(hn′) ∖ {x`} ⊆P`(hn−1) ∖ {x`} =C⊆` (hn−1) ⊆C⊊` (hn
′) ⊆C`(hn′).

In words, since x` is previously unclinchable and becomes impossible at hn
′
, property (M3) of

millipede games implies that the mechanism must offer ` at least a clinching action for each
object that was previously clinchable, and since ` was already a lurker, this includes everything
that was previously possible (except for x`, which is no longer possible). The above implies
P`(hn′) ⊆ C`(hn′), i.e., everything possible at hn

′
is also clinchable at hn

′
. By property 4,

there is no passing action, again a contradiction. The only remaining possibility is that x` ∈
P`(hn′) ∖ C`(hn′). By the structure of millipede games, x` can only be possible following
the unique passing action at hn

′
. Since Top(≻`,P`(hn′)) = x` for all types of agent ` that

reach hn
′
, all types of agent ` who reach hn

′
must pass at hn

′
, and since the game is pruned,

there are no clinching actions at hn
′
. But then, hn

′
is a trivial move with ∣A(h)∣ = 1, which is a

contradiction. Thus, for any ` ∈ LBG(hn), ` does not move at hn
′

for any n′ ∈ {n,n+1, . . . ,N}.
Because L(h) ⊆ LBG(h) at any h, that the same result holds for lurkers is immediate. ∎

1Recall that BG refers to Bade and Gonczarowski (2017).
2To be precise, BG Lemma E.18 says if LBG(h) ≠ ∅, then the agent t who moves at the maximal superhistory of

the form h′ = (h,a∗, . . . , a∗) is not a BG lurker at h. It is obvious that t is also not a BG lurker at any h̃ such that
L
BG
(h̃) = ∅ (because there are no BG lurkers at h̃).

3The first equality follows because x` ∉P`(hn
′
), the first inclusion because the set of possible objects only shrinks

as we move along the game path, the second equality because ` is a BG lurker for x` at hn, the second inclusion
because the set of previously clinchable objects only grows as we move along the game path, and the last inclusion
by property (M3) of millipede games.



2

Proof of Lemma 7

We first show the result for BG lurkers. For n = 1, LBG(hn−1) = LBG(h0) = ∅, and so the
statement is obvious. So, assume it holds for all n′ = 1, . . . ,n − 1. Take some ` ∈ LBG(hn−1)
(if there is no such ` and so LBG(hn−1) = ∅, then the result is obvious). With slight abuse of
notation, we interpret ` to mean that agent ` is the `th oldest BG lurker, and let x` be the object
that ` BG lurks. We will show that conditions (i)-(iii) in the definition of a BG-lurker hold at
hn. Notice that for conditions (ii) and (iii), they refer to the most recent move of ` strictly prior
to hn. Since ` ∈ LBG(hn−1), conditions (ii) and (iii) held at `’s most recent move strictly prior
to hn−1, and by Lemma 6, ` does not move again at any hn

′
after becoming a BG-lurker, so

conditions (ii) and (iii) continue to hold at hn. Thus, we must show that condition (i) continues
to hold at hn.

Consider n <N . If P`(hn) =G`(hn) (i.e., condition (i) fails), then properties 3 and 4 imply
there is no passing action at hn (i.e, hn is a terminating history), which is a contradiction.
Therefore, P`(hn) ≠G`(hn), and condition (i) holds.

Now consider n =N . Since ` ∈ LBG(hN−1), we have P`(hN−1) ≠G`(hN−1). We want to
show that P`(hN) ≠G`(hN). So, assume not, i.e., P`(hN) =G`(hN).

CLAIM: Let n <N and consider a clinching action ax ∈A(hn) that clinches object x for
the agent i that moves at hn. Then, (i) x is not BG-lurked at hn and (ii) at (hn, ax), each BG
lurker `′ ∈ LBG(hn) has clinched their lurked object.

Proof. If LBG(hn) = ∅, then part (i) is obvious and (ii) is vacuous. So, assume LBG(hn) ≠ ∅.
By Lemma 6, i ∉ LBG(hn). If x ∈ XL,BG(hn), by BG Lemma E.14, Pi(hn) =Gi(hn), and by
properties 3 and 4, there is no passing action at hn, a contradiction. This establishes part (i).
Given part (i), BG Lemma E.17 shows that each BG lurker `′ at hn receives their BG-lurked
object at all terminal h̄ ⊇ (hn, ax), which establishes part (ii). ∎

Since P`(hN−1) ≠G`(hN−1), it must be that x` ∉G`(hN).4 Since we’ve assumed P`(hN) =
G`(hN), this implies that x` ∉ P`(hN), and so by obvious dominance, G`(hN) = X ∖
{x1, . . . ,x`}, where x1, . . . ,x`−1 are the BG-lurked objects older than x`.5

Now, at hN , the agent who moves, t (the terminator, who is not a BG lurker by BG Lemma
E.18) has only clinching actions. SinceG`(hN) = X ∖{x1, . . . ,x`}, none of these objects can be
clinchable for t at hN . In particular,Ct(hN) ⊆ {x1, . . . ,x`}. We further claim that ∣Ct(hN)∣ > 1.
To see this, presume that ∣Ct(hN)∣ = 1, and let x′ be the unique object that is clinchable at
hN for t. Let history hn

′
be the most recent history at which t moves strictly prior to hN .

Such a history exists because by BG Lemma E.18, C⊆t (hN) = X . Additionally, the fact that no
agent moves twice in a row implies that n′ ≤N − 2. Note also that C⊆t (hn

′) ≠ X (as otherwise,

4This follows because if x` is guaranteeable at hN , then ` has effectively already clinched it prior to hN , which
means she was not a BG lurker. More formally, assume x` ∈G`(hN), and let h∗ be the earliest history at which `
is a BG-lurker for x`; since ` ∈ LBG(hN−1

), we have h∗ ⊊ hN . By definition of a BG lurker and greedy strategies,
Top(≻`,P`(h∗)) = x` for any type that reaches h∗. By the claim just proven, ` has clinched x` following any
clinching action at any (hn, ax), where h∗ ⊆ hn ⊆ hN−1. This means that if x` ∈ G`(hN), then x` is already
guaranteeable at h∗: x` ∈G`(h∗). Further, no type ≻` that reaches h∗ will follow any strategy for which anything
but x` is a possible outcome, and so by pruning, P`(h∗) =G`(h∗). But this contradicts that ` is a lurker at h∗.

5BG Lemma E.16 implies that P`(hN−1
) = X ∖ {x1, . . . ,x`−1} (note that x` ∈ P`(hN−1

)), and also
C⊊` (h

N−1
) = P`(hN−1

` ) ∖ {x`}. If there is some x ∈ X ∖ {x1, . . . ,x`} such that x ∉G`(hN), then the type that
ranks ≻`∶ x`,x, . . . has no obviously dominant strategy: because x` is possible at hN−1, but has never been clinchable,
any obviously dominant strategy requires ` to pass at all h′ ⊆ hN−1 where she is called to move. Since x` ∉P`(hN),
and x ∉G`(hN), any such strategy has a worst-case outcome that is strictly worse than x. As x was clinchable for `
at some h̃ ⊊ hN−1, no such strategy can be obviously dominant.
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by greedy strategies, all types of agent t will have clinched an object by hn
′
, and thus by

pruning, the passing path will not continue to hN , which is a contradiction). Therefore, it must
be C⊆t (hn

′) = X ∖ {x′}. Greedy strategies imply that all types of agent t that reach hn
′+1 rank

object x′ first (among all objects). Consider the histories hn
′+1, . . . ,hN−1, and notice that, by

definition of hn
′
, agent t does not move at any of these histories.

There are two cases: (i) x′ is not clinchable at any h̃ ∈ {hn′+1, . . . ,hN−1} or (ii) x′ is
clinchable at at least one such h̃ ∈ {hn′+1, . . . ,hN−1}. In case (i), for all h̃ ∈ {hn′+1, . . . ,hN−1},
following any clinching action (h̃, az), there is some z ≠ x′ that is clinched. Because the game
is pruned and C⊆t (hn

′) = X ∖ {x′}, obvious dominance requires that agent t receive x′ at any
terminal history h̄ ⊇ (h̃, az). Further, t receives x′ at any terminal h̄ ⊇ hN as well, which implies
that t receives x′ at all terminal h̄ ⊇ hn′+1 = (hn′ , a∗). This means that t has clinched x′ at
hn

′+1 already, which contradicts that there is a passing action at hn
′
. In case (ii), since x′

is clinchable at h̃ for an agent other than t, and all other objects X ∖ {x′} were previously
clinchable for t, obvious dominance requires that following this clinching action, agent t must
receive Top(≻t,X ∖{x′}); in particular, every object in X ∖{x′}must remain possible at hn

′+1

for t. Object x′ itself is also still possible, so we have Pt(hn′+1) = X .
This implies that conditions (ii) and (iii) in the definition of a BG lurker for x′ hold at hn

′+1.6

Furthermore, if Pt(hn′+1) =Gt(hn′+1), then by properties 3 and 4 of millipede games, there is
no passing action at hn

′+1, and as n′ ≤N −2, this a contradiction. Thus, Pt(hn′+1) ≠Gt(hn′+1),
and condition (i) of a BG lurker holds as well. Thus, t is a BG lurker at hn

′+1. However, this is
a contradiction to BG Lemma E.18 (cf. footnote 2).

Thus, we may assume that ∣Ct(hN)∣ > 1. Since we have also shown that Ct(hN) ⊆
{x1, . . . ,x`}, at least two objects in {x1, . . . ,x`} must be clinchable at hN (this also implies
that ` ≥ 2 in the present context). Choose any two of these objects, and denote them x`′ and
x`′′ , where without loss of generality, 1 ≤ `′ < `′′ ≤ `. These are both BG-lurked objects, and
their BG lurkers are agents `′, `′′. If t clinches x`′ , at (hN , ax`′ ), agent `′ must be able to
guarantee all objects in X ∖ {x1, . . . ,x`′}, and agent ` must be able to guarantee all objects in
X ∖{x1, . . . ,x`}, which is a contradiction.7

Therefore, P`(hN) ≠G`(hN), condition (i) holds, and ` ∈ LBG(hN).
Thus, we have shown that LBG(hn−1) ⊆ LBG(hn) for all n = 1, . . . ,N . To see that the

same is true for lurkers, take some ` ∈ L(hn−1). Notice that L(hn−1) ⊆ LBG(hn−1), and so
` ∈ LBG(hn), as we just showed above. That is, ` satisfies conditions (i)-(iii) in the definition.
So all that is left to show is that condition (iv) holds at hn. But, notice that similar to
conditions (ii) and (iii), condition (iv) refers only to `’s most recent move strictly prior to
hn. As ` ∈ L(hn−1), condition (iv) holds at hn−1, and by Lemma 6, ` does not move at any
hn

′
after becoming a lurker for the first time. Thus, condition (iv) continues to hold at hn, and

` ∈ L(hn). ∎

6Notice that the conditions refer to t’s most recent move strictly prior to hn
′+1, which, by definition is hn

′
. Since

Pt(hn
′+1
) = X , we have Pt(hn

′
) = X as well, and it is obvious that x′ ∈Pt(hn

′
), which is condition (ii). Condition

(iii) says C⊆t (h
n′
) =Pt(hn

′
) ∖ {x′}, which we showed two paragraphs above.

7This follows an argument similar to footnote 5: when x`′ becomes impossible for `′ at (hN , ax`′ ), obvious
dominance requires that `′ be able to guarantee everything that was previously clinchable. By BG Lemma E.16 and
the fact that `′ is a BG lurker for x`′ , this is all objects in X ∖{x1, . . . ,x`′}. (Note that it is impossible for all objects
to be BG-lurked, because as BG Lemma E.18 shows, the terminator is not a BG lurker. Therefore, {x1, . . . ,x`′} ⊊
{x1, . . . ,x`} ⊊X , and so (X ∖{x1, . . . ,x`′}) ∩ (X ∖ {x1, . . . ,x`}) ≠ ∅.)
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Proof of Lemma 8

By BG Lemma E.14, we have Pj(h) =Gj(h). By properties 3 and 4, there is no passing
action at h, and thus, h is a terminating history, which establishes the first statement.

We must also show that j moves at h. Assume some k ≠ j moved at h, and thus k is the
terminator. Let h̃ ⊆ h be the smallest subhistory of h such that x is BG-lurked at h̃ (i.e., it is not
BG-lurked at any predecessor of h̃). We claim that x ∈ Pj(h̃). To see this, assume x ∉ Pj(h̃).
Since x ∈ C⊆j (h), we must have x ∈ Cj(ĥ) for some ĥ ⊊ h̃ ⊆ h. This implies that both j was
active strictly prior to h̃, and also h̃ = h.8 This further implies that k is not active strictly before
h.9 By BG Lemma E.18, C⊆k(h) = X , and since h is the first time k is active, Ck(h) = X , i.e.,
k can clinch every object at h. But, this means that at h, no object can be guaranteeable for j,
which contradicts Pj(h) =Gj(h). Therefore, x ∈ Pj(h̃). BG Lemma E.18 then implies that j
is the terminator, and thus j moves at h. ∎

Proof of Lemma 9

The statement is obvious for n = 0. So, presume it holds for 1, . . . ,n − 1, where n <N . We
show that L(hn) = LBG(hn).

Notice that we can writeLBG(hn−1) = L(hn−1) ⊆ L(hn) ⊆ LBG(hn), where the first equality
is the inductive hypothesis, the first inclusion is Lemma 7, and the second inclusion is because
at any history h, any lurker is also a BG lurker. Thus, if LBG(hn−1) = LBG(hn), then the
inclusions must be equalities, and we are done.

So, consider the case that LBG(hn−1) ≠ LBG(hn), and assume that L(hn) ≠ LBG(hn). As
LBG(hn−1) ⊆ LBG(hn) and hn = (hn−1, a∗), it must be that there is some agent i who first
becomes a BG lurker at hn, and i must move at hn−1.10 In particular, LBG(hn) = LBG(hn−1)∪
{i}. As LBG(hn−1) = L(hn−1) ⊆ L(hn) ⊆ LBG(hn) = LBG(hn−1)∪{i}, if L(hn) ≠ LBG(hn),
then it must be that i ∉ L(hn). Since i ∈ LBG(hn), conditions (i)-(iii) hold at hn for i, and thus,
it must be condition (iv) that is violated, i.e., at hn−1, there is some active non-lurker j at hn−1

such that x ∈C⊆j (hn−1) (where x is the object that i BG-lurks). Since LBG(hn−1) = L(hn−1),
agent j is also a BG nonlurker at hn−1, and thus, by Lemma 8, there is no passing action at hn,
a contradiction. ∎

Proof of Lemma 10

As above, let hn = (h∅, a∗, . . . , a∗), where hN is the terminating history. Lemma 9 shows
that at hn for n <N , we have LBG(hn) = L(hn). The only remaining history to consider is
the terminating history hN . Note that LBG(hN−1) = L(hN−1) ⊆ L(hN) ⊆ LBG(hN), where
the first equality follows from Lemma 9, the first inclusion by Lemma 7, and the second

8As j is a BG non-lurker at h, she is also a BG non-lurker at ĥ and h̃, by Lemma 7. Similar to the paragraph
above, by BG Lemma E.14, Pj(h̃) =Gj(h̃), and so h̃ is the terminating history, i.e., h̃ = h.

9Let h′ be the immediate predecessor of h, so h = (h′, a∗), and let i be the agent who BG-lurks x. Since x became
BG-lurked only at the terminating history h, agents i and j are active BG non-lurkers at h′, and by BG Lemma E.19,
there can be at most two active BG non-lurkers at any history. Therefore, at h′, k is either inactive, or a BG lurker.
BG Lemma E.18 shows that the terminator is not a BG lurker at any h̃ ⊆ h (see footnote 2), and thus k must become
active only at h.

10For any j that does not move at hn−1, then her most recent move was at some strict subhistory h′ ⊊ hn−1.
Conditions (ii)-(iii) are thus the same when checking whether j is a BG lurker at hn−1 and hn, so if j is not a BG
lurker at hn−1, it must be condition (i) that is violated, i.e., Pj(hn−1

) =Gj(hn−1
). But, by properties 3 and 4, this

means there is no passing action at hn−1, a contradiction.
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inclusion by the fact that any lurker is a BG lurker. If LBG(hN−1) = LBG(hN), then the
inclusions must be equalities, and so all BG lurkers are lurkers. If LBG(hN−1) ≠ LBG(hN),
it must be that LBG(hN) = LBG(hN−1) ∪ {i} for some i who first becomes a BG lurker at hN

and also i moves at hN−1 (see footnote 10). So, we have LBG(hN−1) = L(hN−1) ⊆ L(hN) ⊆
LBG(hN) = LBG(hN−1) ∪ {i}. If i ∈ L(hN), then L(hN) = LBG(hN). If i ∉ L(hN), then
L(hN) = LBG(hN) ∖ {i}. In either case, there is at most one BG lurker that is not a lurker.
Notice also that we have shown that L(hn) ≠ LBG(hn) only if n =N , i.e., this occurs only at
the terminating history. Further, the above argument establishes that when this occurs, it is the
youngest BG lurker (agent i) who is not a lurker, and i moves at hN−1.

For statement (iv) and (v), since h is the terminating history, the agent who moves at h is the
terminator t, who is not a BG lurker (BG Lemma E.18), and thus is also not a lurker. To see
that the active agents are LBG(h)∪{t}, note that when i became a BG lurker but not a lurker at
hN(= h), it must be because there was some other j who was an active non-lurker at hN−1 and
x ∈C⊆j (hN−1), where x is the object that i BG-lurks. At hN−1, LBG(hN−1) = L(hN−1), which
also means that all non-lurkers are also BG non-lurkers at hN−1, and so j is a BG non-lurker at
hN−1. Since there can be at most two active BG non-lurkers at any history (BG Lemma E.19),
at hN−1, the active agents are LBG(hN−1)∪{i, j}. Agent i moves at hN−1, and by Lemma 8, j
is the terminator, i.e., j = t and so j moves at hN . Therefore, at hN , i becomes a BG lurker and
no new agent enters the game, so the active agents at hN are LBG(hN) ∪ {t} = L(hN) ∪ {i, t}.
∎

Proof of Lemma 13

For the first part, for any x ∈ X̄L(h) that is also BG-unlurked, the statement follows from BG
Lemma E.11. So, consider some x ∈ X̄L(h) but x ∈ XL,BG(h). By Lemma 10, there is only one
such object, and it is x = xλBG(h), the youngest BG-lurked object at h. Further, this condition
only obtains when h is a terminating history, and the active agents at h are `1, . . . , `λBG(h), t
where: `1, . . . , `λBG(h)−1 are both lurkers and BG lurkers, `λBG(h) is a BG lurker but not a
lurker, and t is the terminator (and neither a lurker nor a BG lurker). By BG Lemma E.16,
xλBG(h) ∈P`′(h) for all `′ ∈ {`1, . . . , `λBG(h)}, while by BG Lemma E.18, xλBG(h) ∈C⊆t (h).

The second part follows from the first part and the definition of a lurker. ∎

Proof of Lemma 14

If x` is lurked at h then x` is BG-lurked at h; thus if i is a BG non-lurker at h, then the result
follows from Lemma 8. So, assume that i is a non-lurker that is a BG lurker at h. We claim that
for any lurked object x` ∈ XL(h), we have x` ∉C⊆i (h), and so the result holds vacuously. To
show it, let h′ be such that h = (h′, a∗), i.e., h′ is the immediate predecessor of h. By Lemma
10, h must be a terminating history, agent i moves at h′ and passes, and becomes a BG lurker
at h. Note that since x` is lurked at h, it is also BG-lurked at h. If x` ∈C⊆i (h), then, since i does
not move at h, we have x` ∈C⊆i (h′) as well. Further, x` cannot be the object i BG lurks at h
(because it has been previously clinchable for her), and so x` must be BG-lurked at h′ by some
other agent. But then, at h′, i is not a BG lurker, and x` ∈C⊆i (h′) for some BG-lurked object
x`. Thus, by Lemma 8, h′ is a terminating history, which is a contradiction. ∎

Proof of Lemma 15

Since there is a lurked object at h, there is also a BG-lurked object at h. Parts (ii) and (iii)
then follow immediately from the corresponding statements in BG Lemmas E.18 and E.20.
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BG Lemma E.18 part (i) says that agent t is not a BG lurker at h, and thus, agent t is not
a lurker either, which shows part (i). What remains is to show part (iv). For all h ⊊ h′, any
non-lurker is also a BG non-lurker by Lemma 10, and any lurked object is also a BG lurked
object, and so the result follows from the corresponding lemma of BG. Thus, consider h′.
By Lemma 10, at h′, either LBG(h′) = L(h′) or L(h′) = LBG(h′) ∖ {`λBG(h′)}. Similarly,
either XL,BG(h′) = XL(h′) or XL(h′) = XL,BG(h′) ∖ {xλBG(h)}. If j is a BG non-lurker,
then the result is immediate from the corresponding lemma of BG. It remains to consider j
who is a non-lurker but a BG lurker. By Lemma 10, j is a BG lurker for xλBG(h′). Notice that
xλBG(h′) is not lurked at h′ (though it is BG-lurked). Thus, the lurked objects at h′ areXL(h′) =
{x1, . . . ,xλBG(h′)−1}. By Lemma E.16 from BG , Pj(h′) = X(h′) ∖ {x1, . . . ,xλBG(h′)−1}; in
other words, for any x ∈ XL(h′), we have x ∉Pj(h′), and so the statement holds vacuously. ∎

Proof of Lemma 17

At h, j is a non-lurker, but may or may not be a BG lurker. First consider the case that
j is a BG lurker at h, and let y be the object that j BG-lurks. By Lemma 10, j is the
youngest BG-lurker, and the set of BG-lurked objects is XL,BG(h) = XL(h) ∪ {y}, where
y ∉ XL(h) and y is the youngest BG-lurked object at h. In addition, the set of unlurked
objects is X̄L,BG(h) = X̄L(h) ∖ {y}. Because j BG-lurks y, we have y = Top(≻j , X̄L(h)).
If y = x̂, then BG Lemma E.17 implies that j receives Top(≻j , X̄L,BG(h)), and further, y = x̂
implies X̄L,BG(h) = X̄L(h) ∖ {x̂}, and so the statement holds. If y ≠ x̂, then BG Lemma E.17
implies that j receives y. Since y ≠ x̂ and x̂ ∈ X̄L(h), we have y = Top(≻j , X̄L(h)) = Top(≻j
, X̄L(h) ∖ {x̂}), and again, the statement holds.

Second, consider the case that j is not a BG lurker at h. In this case, we claim that L(h) =
LBG(h). Indeed, the agent who moves at h, agent i, is not a lurker nor a BG lurker (Lemma
6), and so both i and j are both non-lurkers and BG non-lurkers at h. As there can be at most
2 non-lurkers at any h (Lemma 12) and the same is true for BG non-lurkers (BG Lemma
E.19), all other active agents at h are both lurkers and BG lurkers. Similar statements apply
to non-lurkers (L̄(h) = L̄BG(h)), lurked objects (XL(h) = XL,BG(h)), and unlurked objects
(X̄L(h) = X̄L,BG(h)).

We next claim that Pj(h) ⊆ X̄L(h). Indeed, if there was some lurked object x` ∈ XL(h) such
that x` ∈ Pj(h), then by Lemma 15, part (iv), j is the terminator. This further implies that the
agent i who moves at h is not the terminator, and again by Lemma 15, part (iv), object x (the
object i clinches at h) is unlurked at h. This means that x̂ = x, by definition of x̂. However,
because j is the terminator, Lemma 15, part (iii) implies Ci(h) ∩C⊆j (h) = ∅, and in particular,
x̂ ∉Ci(h), which is a contradiction. Therefore, Pj(h) ⊆ X̄L(h).

Let y = Top(≻j , X̄L(h)). Consider first the case y ∉ C⊆j (h), and note that this implies that
y ≠ x̂. Because j does not move at h, C⊆j (h) = C⊊j (h) and hence y ∉ C⊊j (h). As X̄L(h) =
X̄L,BG(h) and BG Lemma E.11 tells us that X̄L,BG(h) ⊆ Pj(h) ∪C⊊j (h), we conclude that
y ∈ Pj(h). Property (M3) of millipede games then implies that j receives y.11 Since y ≠ x̂ and

11If j does not receive y, then at some point on the path from h to h̄, y became impossible for j before
being clinchable (or else by greedy strategies, j would have clinched y, which follows from the definition of y
as Top(≻j , X̄L(h)) and the fact that y ∈Pj(h) ⊆ X̄L(h)). Property (M3) requires that agent j then either receives
or is reoffered an opportunity to clinch each object that was previously clinchable, which includes x̂. However, x̂ is
clinched by another agent before j might be called to move following h (by Lemma 16), and so this is a contradiction.
Therefore, y cannot become impossible for j before being clinchable, and as it is her top still-possible choice, when
it is offered to her, she will clinch it.
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x̂ ∈ X̄L(h), we have y = Top(≻j , X̄L(h)) = Top(≻j , X̄L(h)∖{x̂}), and the claim of the lemma
obtains.

It remains to consider the case y ∈C⊆j (h). Let z be the object j receives at h̄, and note that z ∈
X̄L(h)∖{x̂} (z ∈ X̄L(h) follows from Pj(h) ⊆ X̄L(h), and z ≠ x̂ follows because x̂ is assigned
to another agent at h̄, by Lemma 16). Obvious dominance implies that z ≿j y; otherwise, type
≻j’s strategy would not obviously dominate the alternative strategy that clinches y at the h′ ⊊ h
where it was offered to her for clinching. Since z ∈ X̄L(h)∖{x̂} and z ≿j y = Top(≻j , X̄L(h)),
we must have z = y and y = Top(≻j , X̄L(h) ∖ {x̂}), which completes the proof.12 ∎

Proof of Lemma 18

We first claim that there exists some y ∈ C⊆j (h) such that y ∈ X̄L(h) ∖ {x̂}. This follows
because by supposition j moves prior to h, and so must be offered some object y for clinching
when she moved. Lemma 14 implies y ∉ XL(h), and by supposition of the current lemma,
x̂ ∉C⊆j (h). Therefore, we must have y ∈ X̄L(h) ∖ {x̂}.

Next, we claim that C⊆j (h) ⊆Gj (̊h).13 To see this, take an arbitrary y ∈ C⊆j (h); as we just
showed, such y exists. As x̂ /∈C⊆j (h), we know that y ≠ x̂ and hence a type ≻j ∶ x̂, y, . . . is well
defined. As x̂ /∈C⊆j (h), Lemma 13 implies that x̂ ∈Pj(h). Because x̂ ∈Pj(h) ∖C⊆j (h), greedy
strategies imply that type ≻j must pass at all h′ ⊊ h where j moves, and as j does not move
between h and h̊, this type reaches h̊. If y ∉ Gj (̊h), then, for any strategy type ≻j follows
starting from h̊, type ≻j might end up with an object strictly worse than y (because x̂ has been
clinched by another agent, and y is not guaranteeable at h̊). However, j could have clinched y at
some history h′ ⊊ h, which contradicts that her strategy is obviously dominant. Thus, y ∈Gj (̊h)
and, as y was an arbitrary element of C⊆j (h), we conclude that Gj (̊h) ⊇C⊆j (h). The procedure
from the proof of the millipede theorem of Pycia and Troyan (2023) allows us to transform
the millipede, while maintaining properties 1-5, so that j moves at h̊ and any object that is
guaranteeable for agent j at history h̊ is clinchable at h̊, so that Gj (̊h) = Cj (̊h). As we just
showed that Gj (̊h) ⊇ C⊆j (h), we conclude that C⊆j (h) ⊆ Cj (̊h). At h̊, agent j may also be
offered to clinch additional objects, and may or may not have a passing action. ∎

Proof of Lemma 19

First, consider the case that there are no lurked objects at h, and so there are also no lurked
objects at any h′ such that hk∅ ⊆ h′ ⊆ h, by Lemma 7. There is then a history h′ such that
hk∅ ⊆ h′ ⊊ h and y ∈Cj(h′). Indeed, if j was not active until the current round, then the existence
of h′ follows from the assumption that y ∈C⊊j (h). If j was active in a previous round then there
are two subcases: if j was offered y in a previous round, then j moves at hk∅ and y ∈Cj(hk∅),
and we can set h′ = hk∅; if j wasn’t offered y in a previous round, then there must be some h′

in the current round where she was offered it. Hence, history h′ is well defined. Since type ≻j
reaches h, this type must pass at h′. By greedy strategies, there must be some x ∈ Pj(h′) such
that x ≻j y. As there are no lurkers (or lurked objects) at h′ or h, x ∈ X̄L(h′) = X̄L(h). Thus,
x̄ ≻j y.

12Notice that the above proof continues to apply when there are no lurked objects at h. In this case, the only active
agents at h are i and j, and x̂ = x. When i clinches x̂ such that x̂ ∈C⊆j (h), then j still receives her top choice among
all remaining unlurked objects, which in this case is all objects except for x̂.

13Note that C⊊j (̊h) =C
⊆
j (h) because j does not move at any h′ such that h ⊆ h′ ⊊ h̊.
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Now, consider the case where there are lurked objects (and lurkers) at h. By Lemma 15,
part (iii), agent j cannot be the terminator. Since j is not the terminator, Lemma 15, part (iv)
implies that Pj(h) ⊆ X̄L(h). Since i can clinch y at h, there must be some x ∈Pj(h) such that
x ≻j y, by obvious strategy-proofness; indeed, otherwise, when i clinches y, type ≻j will end
up with an object strictly worse than y, and so the worst-case outcome is strictly worse than the
outcome of the alternative strategy of j clinching y at the h′ ⊊ h where it was clinchable for j.
Since Pj(h) ⊆ X̄L(h), we have x ∈ X̄L(h), i.e., x̄ ≻j y. ∎

Proof of Lemma 20

We start with the following lemma.

LEMMA 25: Assume that there exists an arm α as defined in the statement of Lemma 5, and
such that n ≥ 2. Further, assume that along the initial passing path of the game form, the first
lurked objects are (in order) xj1 , . . . ,xjP ,xk1

, . . . ,xkn−1
. Then:

(a) For all n′ = 1, . . . ,n − 1, the agent that moves at h∗n′ in Γn′ is agent i, and at h∗n′ , the
number of lurked objects is P +n′ − 1.

(b) h∗1 ⊊ h∗2 ⊊⋯ ⊊ h∗n−1 ⊊ h∗n.
(c) For all n′ = 1, . . . ,n, the number of lurked objects at h∗n′ is P +n′ − 1.
(d) For all n′ = 1, . . . ,n − 1, p = 1, . . . ,P , and n′′ = 1, . . . ,n′, in Γn′ , agent jp is in the role

that lurks xjp and agent kn′′ is in the role that lurks xkn′′ .
(e) h∗n−1 ⊊ h∗n+1 and the number of lurked objects at h∗n+1 is at least P +n− 1.

Proof of Lemma 25. Part (a). Let λ∗n′ be the number of lurked objects at history h∗n′ .
Notice that since »n′ has a tie in the (P + n′)th place, we have λ∗n′ ≤ P + n′ − 1 for
all n′ = 1, . . . ,n. Towards a contradiction, assume there was a game Γn′ for which i does
not move at h∗n′ . Since λ∗n′ ≤ P + n′ − 1, the structure of »n′ implies that the lurked
objects are {xj1 , . . . ,xjP ,xk1

, . . . ,xk
λ∗
n′
−P
},14 and the agents coded in step 1 of Γn′ are

{j1, . . . , jP , k1, . . . , kλ∗
n′
−P+1} (if λ∗n′ < P + n′ − 1) or {j1, . . . , jP , k1, . . . , kλ∗

n′
−P+1, i} (if λ∗n′ =

P + n′ − 1) and the set of lurked objects is {xj1 , . . . ,xjP ,xk1
, . . . ,xk

λ∗
n′
−P
}. Now, notice that

it cannot be a lurked object that is clinched at h∗n′ . Indeed, if this were true, then h∗n′ is the
terminating history, which implies that xk

λ∗
n′
−P

is the last lurked object on the initial passing

path of the game (Lemma 14). But, this contradicts the assumption that xk
λ∗
n′
−P+1

is the

next lurked object on the initial passing path, where notice that such an object exists because
λ∗n′ −P +1 ≤ n′ ≤ n−1. Thus, it must be an unlurked object that is clinched at h∗n′ . In particular,
by the structure of »n′ , the only possibilities are that agent kλ∗n−P+1 clinches object xk

λ∗n−P+1
,

or agent i clinches xi, where the latter case is only possible if λ∗n′ = P + n′ − 1. However, if
agent kλ∗n−P+1 clinches object xk

λ∗n−P+1
, then object xk

λ∗n−P+1
has been offered to an active

non-lurker at h∗n′ , and so xk
λ∗n−P+1

cannot be the next lurked object along the initial passing
path (Remark 5), a contradiction. Therefore, it must be that λ∗n′ =P +n′ − 1, and agent i is the
agent that moves at h∗n′ .

Parts (b). As shown in part (a), for n′ = 1, . . . ,n−1, there are λ∗n′ =P +n′−1 lurked objects at
h∗n′ , which immediately implies that h∗1 ⊊ h∗2 ⊊⋯ ⊊ h∗n−2 ⊊ h∗n−1 (because the number of lurked
objects only grows as we go down the initial passing path).

14This is implicitly assuming that λ∗n′ > P . An analogous argument works for the case that λ∗n′ ≤ P , but, for
brevity, this argument is omitted.
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It remains to show that h∗n−1 ⊊ h∗n. By way of contradiction, assume that h∗n ⊆ h∗n−1. Then,
λ∗n ≤ λ∗n−1 =P +n−2, and the lurked objects at h∗n are {xj1 , . . . ,xjP ,xk1

, . . . ,xk
λ∗n
}. If a lurked

object is clinched at h∗n, then h∗n is the terminating history, and there is no passing action at
h∗n (Lemma 14). However, this contradicts that xk

λ∗n+1
is the next lurked object on the initial

passing path. So, it must be an unlurked object that is clinched. By the structure of »n, it must
be kλ∗n+1 that clinches xk

λ∗n+1
. But then, xk

λ∗n+1
has been offered to active nonlurker at h∗n, and

so xk
λ∗n+1

cannot be the next lurked object along the initial passing path (Remark 5), which is
a contradiction. Therefore, h∗n−1 ⊊ h∗n.

Part (c). Part (a) shows this for n′ ≤ n − 1. So, we must show λ∗n = P + n − 1. Notice that
h∗n−1 ⊊ h∗n implies that λ∗n ≥ λ∗n−1 = P + n − 2, while the structure of »n (in particular, the tie
between agent i and kn), implies that λ∗n ≤ P + n − 1. Thus, we need to show λ∗n ≠ P + n − 2.
Assume that λ∗n = P + n − 2. Then, the lurked objects are xj1 , . . . ,xjP ,xk1

, . . . ,xkn−2
, and the

agents coded in step 1 are j1, . . . , jP , k1, . . . , kn−2, kn−1. If a lurked object is clinched at h∗n,
then this is the terminating history, which contradicts that xkn−1

is the next lurked object along
the initial passing path (Lemma 14). If an unlurked object is clinched, then it must be kn−1

clinching xkn−1
, but since this is offered to an active non-lurker, xkn−1

cannot be the next lurked
object along the initial passing path (Remark 5), a contradiction. Therefore, λ∗n =P +n− 1.

Part (d). By part (a), agent i moves at h∗n′ in Γn′ , and, since i ties in »n′ , object xi is
unlurked. Therefore, all lurked objects are immediately assigned to their lurkers, which delivers
the result.

Part (e). To show h∗n−1 ⊊ h∗n+1, assume not. Then, h∗n+1 ⊆ h∗n−1, and λ∗n+1 = P + n̄ − 1 for
some n̄ ≤ n − 1. So, the lurked objects at h∗n+1 are xj1 , . . . ,xjP ,xk1

, . . . ,xkn̄−1
, and the agents

coded in step 1 are j1, . . . , jP , k1, . . . , kn̄. Since n̄ ≤ n − 1, we know that xkn̄ must be the next
lurked object on the initial passing path. An argument analogous to those given above delivers
a contradiction.

To show λ∗n+1 ≥ P + n − 1, note that h∗n−1 ⊊ h∗n+1 implies λ∗n+1 ≥ λ∗n−1 = P + n − 2. Thus, we
must just show that λ∗n+1 ≠P +n−2. So, assume this was the case. Then, the lurked objects are
xj1 , . . . ,xjP ,xk1

, . . . ,xkn−2
, and the agents coded in step 1 are j1, . . . , jP , k1, . . . , kn−2, kn−1.

If a lurked object is clinched at h∗n+1, then this is the terminating history, which contradicts
that xkn−1

is the next lurked object along the initial passing path (Lemma 14). If an unlurked
object is clinched, then it must be kn−1 clinching xkn−1

, but since this is offered to an active
non-lurker, xkn−1

cannot be the next lurked object along the initial passing path (Remark 5), a
contradiction. Therefore, λ∗n+1 ≥P +n− 1.

This completes the proof of Lemma 25. ∎

Continuing with the proof of Lemma 20, we first show the first statement that at h∗n+1 in
Γn+1, there is an agent ` ≠ j1, . . . , jP , k1, . . . , kn, i such that ` is an active non-lurker at h∗n+1

that does not move at h∗n+1, and xi ∈ C⊊` (h∗n+1). By Lemma 25, we have (i) h∗n−1 ⊊ h∗n,h∗n+1

(ii) λ∗n = P + n − 1 and (iii) λ∗n+1 ≥ P + n − 1. In particular, the lurked objects at h∗n are
{xj1 , . . . ,xjP ,xk1

, . . . ,xkn−1
}. Since there is a tie in »n, there are two active non-lurker roles

at h∗n, and both of these roles have been offered to clinch xi at h∗n. Let s be the role that moves
at h∗n, and s′ be the other active non-lurker that does not move at h∗n.

Case 1: xkn is the next lurked object along the initial passing path of the game form.
Since xkn is the next lurked object along the initial passing path, it must be i that moves at h∗n
and clinches xi, i.e., σn(s) = i.15 Further, we have h∗n ⊊ h∗n+1. To see this, note that if not, then

15Agent kn cannot move at h∗n, because then xkn would have been offered to an active non-lurker at h∗n, which
contradicts that xkn is the next lurked object along the initial passing path. Nor can it be any j1, . . . , jP , k1, . . . , kn−1
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h∗n+1 ⊆ h∗n, and xkn is not lurked at h∗n+1. Thus, it cannot be a lurked object that is clinched
at h∗n+1, because this would imply that h∗n+1 is the terminating history (Lemma 14), which
contradicts that xkn becomes lurked along the initial passing path. So, the object clinched at
h∗n+1 must be unlurked, and so the set of lurked objects is {xj1 , . . . ,xjP ,xk1

, . . . ,xkn̄−1
}, where

xkn̄ is the unlurked object that is clinched, and n̄ ≤ n, which follows because h∗n+1 ⊆ h∗n. But
then, xkn̄ is offered to an active non-lurker at h∗n+1, which contradicts that it is the next lurked
object along the initial passing path (Remark 5). Therefore, h∗n ⊊ h∗n+1.

Since xkn is the next lurked object along the initial passing path, we must have xkn becoming
lurked at some h′ such that h∗n ⊊ h′ ⊆ h∗n+1. But, notice that there is still some role r such that,
at h′, r is an active non-lurker, and xi ∈C⊊r (h′). Thus, xi cannot be the next lurked object along
the initial passing path. Therefore, for i to be ranked immediately after kn in »n+1, she must
clinch xi while it is unlurked, either at h∗n+1, or in the immediately following clinching phase
of the game.

We next claim that in Γn+1, σ−1
n+1(i) ≠ s,s′. To see this, first note that if σ−1

n+1(i) = s, then i has
the same role in Γn and Γn+1, and thus would once again clinch at h∗n in Γn+1, which contradicts
h∗n ⊊ h∗n+1. Therefore, σ−1

n+1(i) ≠ s. Next, assume that σn+1(s′) = i. Notice that role s′ cannot
be the terminator role, by Lemma 15(iii) and the fact that xi ∈Cs(h∗n) and xi ∈C⊊s′(h∗n). Thus,
only objects that are unlurked at h∗n are possible for role s′, and so if σn+1(s′) = i, since xi is i’s
top unlurked object, she would clinch it at some history h′ ⊊ h∗n ⊆ h∗n+1, which is a contradiction.
Therefore, σ−1

n+1(i) ≠ s,s′.
We showed above that s′ is not the terminator role. If s is the terminator role, then, when

i clinches at h∗n, we conclude that xi is her top possible object among all of those that are
available, by Lemma 15(ii). This implies that i cannot be in a role that is a lurker at h∗n. So,
we have shown that in Γn+1, agent i is not a lurker at h∗n, nor is she is role s or s′. Thus, i is
not active at h∗n in Γn+1, and so there must be some agent ` ≠ j1, . . . , jP , k1, . . . , kn such that
σ−1
n+1(`) = s or s′. But then, since i is unlurked at h∗n+1, we have that xi ∈C⊊` (h∗n+1), as desired.
If s is not the terminator role, we once again claim that i cannot be in a role that is a lurker

at h∗n. Indeed, if this were true, then some agent j who is receiving a lurked object is not a
lurker at h∗n. Therefore, this agent must be in the terminator role, and clinch at h∗n+1. Since the
terminator role is not s or s′, it is not yet active at h∗n, and so j is not active at h∗n in Γn+1.
Therefore, there must be some ` ≠ j1, . . . , jP , k1, . . . , kn such that σ−1

n+1(`) = s or s′, and that is
still active when j clinches at h∗n+1, which implies that xi ∈C⊊` (h∗n+1), as desired.

Case 2: xkn is not the next lurked object along the initial passing path. By Lemma 25,
at h∗n, there are P +n− 1 lurked objects. This implies that both i and kn are coded in step 1 of
the coding algorithm for Γn, and thus that the first unlurked object that is clinched is either xi
or xkn .16 This gives rise to two subcases.

Case 2.1: xkn is the first unlurked object that is clinched in the coding algorithm in Γn.
In this case, σn(s′) = i, and there is some history h̃ ⊊ h∗n such that xkn ∈Ci(h̃).

CLAIM 1: The following are true: (a) h∗n−1 ⊊ h∗n+1 ⊊ h∗n and (b) agent kn clinches xkn at
h∗n+1 in Γn+1, and xkn is unlurked at this history.

Proof of Claim 1. Part (a). First notice that h∗n−1 ⊊ h∗n+1 follows from Lemma 25. So, we
must show that h∗n+1 ⊊ h∗n. Towards a contradiction assume that h∗n ⊆ h∗n+1. Since h∗n−1 ⊊ h∗n,
we have h∗n−1 ⊊ h∗n ⊆ h∗n+1. Lemma 25 also implies that λ∗n = P + n − 1. Since i does not move

, because then they would be clinching a lurked object, and so h∗n is the terminating history, which again contradicts
that xkn is the next lurked object along the initial passing path.

16Note that this does not necessarily mean that the object clinched at h∗n is xi or xkn .
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at h∗n in Γn, it must be some j1, . . . , jP , k1, . . . , kn that does. If a lurked object is clinched at
h∗n, then h∗n is the terminating history. It also implies that agent kn is a lurker for some lurked
object, and therefore in step 1 of the coding algorithm, some agent takes the object kn lurks,
and he ends the step by clinching xkn , which is unlurked. This means that xkn is his favorite
object that is unlurked at h∗n. Now, consider Γn+1, and note that h∗n ⊆ h∗n+1 and h∗n being the
terminating history implies that h∗n = h∗n+1. In Γn+1, the set of lurked objects is the same as in
Γn, so xkn is again the first unlurked object that is clinched in step 1 of the coding algorithm.
But, since h∗n = h∗n+1, there is again an agent in role s′ who is an active non-lurker at h∗n+1, and
so this agent would once again tie with kn in »n+1, a contradiction. Therefore, it must be that
kn is the agent that moves at h∗n in Γn, which means that xkn has been offered to both active
non-lurker roles at h∗n. Since we assumed that h∗n ⊆ h∗n+1, it is impossible for kn to be ranked
(P + n)th strictly, without ties, in »n+1,17 which is a contradiction. Thus, we have shown that
h∗n+1 ⊊ h∗n, which is part (a).

Part (b). Part (a) plus Lemma 25 implies that λ∗n+1 = P + n − 1. Additionally, h∗n+1 ⊊ h∗n
means that h∗n+1 is not the terminating history, so it must be an unlurked object that is clinched
there. Thus, since kn is ordered (P +n)th without ties, it must be that kn clinches xkn at h∗n+1,
and xkn is unlurked. ∎

By Lemma 25, the agent that moves at h∗n−1 must be agent i, and therefore, at h∗n−1, there are
two active non-lurker roles that both have been offered xi. Let the role that moves at h∗n−1 be
denoted r, and the other active non-lurker at h∗n−1 be denoted r′. Thus, by definition, σn−1(r) =
i.

We claim that in Γn+1, i cannot be active at h∗n−1. At h∗n−1, there are P + n − 2 active lurker
roles, and two active non-lurker roles, r and r′. First, it is clear that σn+1(r) ≠ i, because
otherwise i is in the same role in Γn−1 and Γn+1, and so would clinch at h∗n−1 in Γn+1, which
contradicts h∗n−1 ⊊ h∗n+1 from Claim 1. Second, assume that in Γn+1, agent i is in a lurker role
for a lurked object at h∗n−1, say y. By part (b) of Claim 1, agent kn clinches an unlurked object
at h∗n+1, and so all lurkers are immediately assigned to their lurked objects, which means that i
would receive y which is a contradiction.

It remains to rule out that σ−1
n+1(i) = r′. By construction, xi ∈Cr(h∗n−1), where xi ∈Cr′(h̃)

for some h̃ ⊊ h∗n−1. This implies that role r′ cannot be the the terminator role, by Lemma 15(iii),
and the fact that xi ∈Cr(h∗n−1). Since role r′ is not the terminator role, only unlurked objects
are possible for role r′, by Lemma 15(iv). As xi is agent i’s most preferred unlurked object, by
greedy strategies, she would clinch at h̃, which is a contradiction. Therefore, i is not active at
h∗n−1 in Γn+1.

We also claim that i is not active at h∗n−1 in Γn, either. The arguments are the same as above
for Γn+1, except for the case in which i lurks some lurked object at h∗n−1. This is ruled out by
the fact that σn(s′) = i, and s′ is a non-lurker at h∗n−1.

Next, we claim that σn+1(s) ≠ i. To see this, recall that σn(s′) = i, and, as we showed, i is
not active at h∗n−1 in Γn or Γn+1. This means that s′ ≠ r, r′, or in other words, s′ is a role that
becomes active after h∗n−1. Thus, we must have s = r or r′, and so role s is active at h∗n−1, which
implies that σn+1(s) ≠ i.

Next, we claim that σn+1(s′) = kn. Indeed, since h∗n−1 ⊊ h∗n+1 ⊊ h∗n and kn moves at h∗n+1, kn
must be in role either s or s′. If σn+1(s) = kn, then, since she does not tie in »n+1, she must
clinch xkn at some history h′ such that h∗n−1 ⊊ h′ ⊊ ĥ, where ĥ is the history at which role s′

17Note that xkn cannot be the next lurked object, so, there must be no newly lurked objects at h∗n+1 (Remark 5). If
kn clinches at h∗n+1, she would tie with the other active non-lurker. If some other agent clinches at h∗n+1, then either
this agent is ranked strictly ahead of kn, or she ties with kn, which again is a contradiction.
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is offered to clinch xkn . This implies that σn(s) ≠ kn, as else in Γn, she would also clinch at
h′. So, in Γn, σn(s) = kn′ for some n′ < n or σn(s) = jp for some p = 1, . . .P . This implies
that h∗n is the terminating history. Furthermore, kn is in the lurker role for some object x′ ∈
{xj1 , . . . ,xjP ,xk1

, . . . ,xkn−1
}, which implies that kn strictly prefers x′ to xkn . But then, since

σn+1(s) = kn, agent kn is in the terminator role in Γn+1, and thus x′ is a possible outcome for
her, she would not choose to clinch xkn first at h∗n+1, a contradiction. Therefore, σn+1(s′) = kn.

Concluding the argument for Case 2.1, because kn clinches an unlurked object at h∗n+1 in
Γn+1, all agents j1, . . . , jP , k1, . . . , kn−1 must be in the lurker role for their respective objects.
Therefore, none of them are in role s. As just shown, σn+1(s) ≠ kn or i, either. All of this means
that σn+1(s) = ` for some ` ≠ j1, . . . , jP , k1, . . . , kn, i, and in Γn+1, we have xi ∈C⊊` (h∗n+1), as
desired.

Case 2.2: xi is the first unlurked object that is clinched in step 1 of the coding algorithm
in Γn. In this case, we have that σn(s′) = kn, and xi ∈Cs′(h̃) for some h̃ ⊊ h∗n. There are two
further subcases:

Case 2.2.1: σn(s) ≠ i. In this subcase, σn(s) is one of j1, . . . , jP , k1, . . . , kn−1, and is
clinching a lurked object at h∗n. This implies that h∗n is the terminating history, and s is the
terminator role, which also means that we have h∗n−1 ⊊ h∗n+1 ⊆ h∗n. This combined with Lemma
25 implies that there are P + n − 1 lurkers at h∗n, and the structure of »n+1 means that xkn is
the first unlurked object clinched in step 1 of Γn+1, and, at h∗n+1, xkn has not been offered to
the active non-lurker who does not move at h∗n+1.

We also claim that role s cannot be active at history h∗n−1. Indeed, since i clinches at h∗n−1

in Γn−1 and ties, we know that there are two active non-lurker roles, say r and r′, and they
both have been offered xi. If role s were one of these roles, then, since s is the terminator role,
Lemma 15 implies that xi ∉Cs′(h̃), which is a contradiction. This implies that role s is a role
that becomes active after h∗n−1. Since there is only one new lurker between h∗n−1 and h∗n+1, this
further implies that role s′ must have been active at h∗n−1, and xi ∈C⊆s′(h∗n−1).

We next claim that σn+1(s′) ≠ i. To see why this is true, notice that s′ is not the terminator role
(because that is role s). Thus, only unlurked objects are possible for role s′ (Lemma 15(iv)),
and, since we know that xi is i’s favorite unlurked object, if she were in role s′, she would
clinch at h̃ ⊊ h∗n+1, a contradiction. Therefore, σn+1(s′) ≠ i.

Now, if it is one of the j1, . . . , jP , k1, . . . , kn−1 that moves at h∗n+1, then h∗n+1 is the terminating
history, and so h∗n+1 = h∗n. This implies that xi has been offered to the agent in role σn+1(s′)
(who is not coded in step 1). As we just showed that σn+1(s′) ≠ i, we have σn+1(s′) = ` for
some ` ≠ j1, . . . , jP , k1, . . . , kn, and xi ∈C`(h∗n+1) in Γn+1, as desired.

Concluding subcase 2.2.1, assume that it is kn that moves at h∗n+1 in Γn+1. This means that
kn is in role s or s′ in Γn+1. Note that we cannot have σn+1(s′) = kn, because if this were
true, then kn has the same role in Γn as in Γn+1, and would pass at all histories in Γn+1, just
as she did in Γn. Therefore, σn+1(s) = kn. Again, as we know that σn+1(s′) ≠ i, we have that
σn+1(s′) = ` for some ` ≠ j1, . . . , jP , k1, . . . , kn, and xi ∈C`(h∗n+1) in Γn+1, as desired.

Case 2.2.2: σn(s) = i. In this subcase, i clinches xi at h∗n. If h∗n ⊆ h∗n+1, then notice that at
h∗n in Γn+1, there are two active non-lurker roles, s and s′, that have been offered xi. We claim
that σ−1

n+1(i) ≠ s,s′. First, it is clear that σn+1(s) ≠ i, as otherwise, i would clinch at h∗n in Γn+1,
just as she did in Γn. To see that σn+1(s′) ≠ i, notice that role s′ cannot be the terminator role,
by Lemma 15 and the fact that xi ∈Cs(h∗n) and xi ∈C⊊s′(h∗n). Thus, only unlurked objects are
possible for role s′, and so if σn+1(s′) = i, since xi is i’s top unlurked object, she would clinch
it at some history h′ ⊊ h∗n ⊆ h∗n+1, which is a contradiction. Therefore, σ−1

n+1(i) ≠ s,s′, and so
there must be some ` ≠ j1, . . . , jP , k1, . . . , kn such that xi ∈C`(h∗n+1), as desired.

It remains to consider h∗n+1 ⊊ h∗n. Then, there are P + n − 1 lurkers at h∗n+1, and, since h∗n+1

is not the terminating history, it must be agent kn that moves at h∗n+1. This also implies that kn
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is in role s or s′. If σn+1(s′) = kn, then kn is in the same role in Γn+1 as in Γn, and would pass
at h∗n+1 in Γn+1 as she did in Γn,which is a contradiction. Therefore, σn+1(s) = kn.

We claim that role s is not active at history h∗n−1. Indeed, notice that because i clinches at
h∗n−1 in Γn−1, we have that xi ∈C⊆s (h∗n−1). This implies that role s is not the terminator role,
which follows by Lemma 15 and the fact that xi ∈ Cs′(h′) for some h′ ⊋ h∗n−1. This implies
that only unlurked objects are possible for role s when she is called to play. Thus, if role s
were an active non-lurker at history h∗n−1, then, in Γn, when σn(s) = i, agent i is offered to
clinch xi at some h′ ⊆ h∗n−1. Since we know that only unlurked objects are possible, and xi is
i’s top unlurked object, she would clinch at h′ ⊊ h∗n in Γn, which is a contradiction. Since role
s is not active at h∗n−1, there are two roles that are not s that are active non-lurkers at h∗n−1 and
such that both have been offered to clinch xi. At h∗n+1 in Γn+1, at least one of these roles must
still be active and not assigned to any agent j1, . . . , jP , k1, . . . , kn, i. Thus, there must be some
` ≠ j1, . . . , jP , k1, . . . , kn, i such that ` is an active non-lurker that does not move at h∗n+1 and
xi ∈C⊊` (h∗n+1), as desired. This concludes the analysis of subcase 2.2.2, and hence of case 2.2.

The above shows that in all cases, there is some ` ≠ j1, . . . , jP , k1, . . . , kn, i such that ` is an
active non-lurker that does not move at h∗n+1 and xi ∈C⊊` (h∗n+1) in game Γn+1. Recall that, by
Lemma 25, λ∗n+1 ≥P +n− 1. If λ∗n+1 >P +n− 1, then there are at least P +n lurked objects at
h∗n+1, and the only way i can be ranked in the (P +n+ 1)th position in »n+1 is if she is coded
in the first step. Since there is some agent ` ≠ i such that xi ∈C⊊` (h∗n+1), i can at best tie with
this agent. If λ∗n+1 =P +n−1, then by the structure of »n+1, it must be agent kn that clinches at
h∗n+1, and there is no tie at the end of step 1. This means that ` is not coded in step 1, and so at
h2
∅ (the beginning of step 2 of the coding algorithm) agent ` moves and is offered to clinch xi.

Now, for i to be ranked immediately after kn, she must be ordered first in step 2 of the coding
algorithm, and for i to be ordered first without ties, either she must lurk xi and it is the first
lurked object, or i must clinch xi while there are no lurked objects and before xi has not been
offered to another active non-lurker. However, neither of these can occur because at h2

∅ agent
` was offered to clinch xi. Therefore, in »n+1, i must tie with some agent that we label kn+1.
This completes the proof of Lemma 20. ∎

Proof of Lemma 21

We start with the following lemma. Let h∗A denote the history at which the first clinching
action is taken in ΓA, h∗B denotes the history at which the first clinching action is taken in ΓB .

LEMMA 26: Consider two games ΓA and ΓB , with corresponding role assignment functions
σA and σB , and resulting codings »A and »B . Assume that »A begins as {i, j} »A ⋯, and »B
begins as: j »B i⋯. Further, assume that in game ΓA, there is some history h where j moves
such that: (i) h ⊆ h∗A, (ii) xi ∈Cj(h) (iii) xj ∉C⊆j (h) (iv) xi,xj ∉C⊆i (h). Then:

(a) If agent j clinches at h∗A in ΓA, then in ΓB , agent j clinches at h∗B ⊊ h∗A, and there is
some agent k ≠ i, j that is an active non-lurker at h∗B such that xi ∈Ck(h∗B).

(b) In »B , agent i must tie with some other agent k.

Proof of Lemma 26. Notice that by the structure of »A, at history h∗A, there are two active
roles, and both are nonlurkers at h∗A; label the roles s and s′, and, wlog, let σA(s) = i and
σA(s′) = j. Using these definitions, we can write the presumptions of the lemma as (ii) xi ∈
Cs′(h) (iii) xj ∉C⊆s′(h) and (iv) xi,xj ∉C⊆s (h). Also, notice that h ⊆ h∗A implies that there are
no lurkers at h, and so the only roles that may possibly be active at h are s and s′. Finally, since
xi and xj tie for the top ranking in »A, it must be that xi is i’s favorite object among all objects
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and xj is j’s favorite object among all objects. Therefore, by greedy strategies, if at any history
i is able to clinch xi, she will do so, and the same for j and xj .

Part (a). The structure of »A implies that xj ∈Cs(h′) for some h′ ⊊ h∗A. Now, consider ΓB .
The only way for j to be ranked first without ties is that σB(s) = j, and j clinches at h∗B ⊊ h∗A.18

Let k ∶= σB(s′), and notice that, by the assumptions of the lemma, xj ∉C⊆s (h), and so h ⊊ h∗B ,
and therefore xi ∈C⊊s′(h∗B). It is clear that k ≠ j. Further, k ≠ i because if k = i, then xi ∈Ci(h)
in ΓB , and thus, i would clinch xi at h ⊊ h∗B in ΓB , which contradicts that the first clinching in
ΓB is j clinching at h∗B . Therefore, σB(s′) = k for some k ≠ i, j, and k is an active non-lurker
that does not move at h∗B such that xi ∈Ck(h∗B) in ΓB .

Part (b). If j clinches at h∗A, then by part (a), in ΓB , there is an agent k such that xi ∈C⊊k(h∗B)
and k is not coded in the coding step initiated at h∗B . Let h∗∗B ⊋ h∗B be the history at which the
next clinching occurs in ΓB . Since k was offered xi in the previous coding step, but is still
active, at h2

∅, agent k is offered to clinch xi again (see Remark 3, in particular footnote 49
of the main text). Thus, xi cannot be the first lurked object on the initial passing path of the
continuation game form (Remark 5), and so since i is ranked immediately following j in »B ,
there must be no lurked objects at h∗∗B . For i to be coded next, she must be active at h∗∗B , and
since there are no lurked objects, there are two active agents, i and k. If k clinches at h∗∗B , it is
obvious that i can at best tie; if i clinches at h∗∗B , i once again ties with k, because xi ∈C⊆k(h∗∗B ).

The other possibility is that i clinches at h∗A in ΓA, which implies that xi ∈Cs′(h′) for some
h′ ⊊ h∗A. For j to be ranked first without ties in »B , at h∗B in ΓB , either (a) there are lurkers,
and xj is the first lurked object or (b) there are no lurkers, j clinches xj , and xj has not been
offered to another non-lurker that is active at h∗B . There are 3 cases:

Case: σB(s′) = i. In this case, i would clinch xi at h and would be ranked first in »B , which
is a contradiction.19

Case: σB(s′) = j. Here, j is in the same role in both games, and therefore σB(s) = ` ≠ i,
which follows because if ` = i, then both j and i are in the same roles, and we would get the
same initial orderings for »A and »B , a contradiction.20 This implies that h∗B ⊋ h∗A, because
if h∗B ⊆ h∗A, then, since j is in the same role, she would clinch at h∗B in ΓA, a contradiction.21

Recall that i is ranked immediately after j in »B , and because xi ∈C⊆` (h∗B), this is only possible
if i ties with `. To see this, assume that i was ranked strictly, i.e., j »B i »B ⋯. This can only
happen if either: (i) xj is the oldest lurked object and xi is second-oldest lurked object at h∗B
(ii) the only lurked object at h∗B is xj , while xi is unlurked at h∗B , i clinches xi at h∗B , and xi
has not been previously offered to another active non-lurker or (iii) agent j is the only agent
coded in step 1 of ΓB , and agent i is the first agent coded in step 2, and she is ranked strictly.
But, as xi has been offered to both j and ` weakly prior to h∗A and h∗A ⊊ h∗B , none of these three
possibilities can hold, and therefore, i must tie in »B .22

18The only other way for j to be ranked first without ties is that xj is the first lurked object; however, this cannot
obtain, because xj ∈Cs(h′) at some history h′ where there are no lurkers.

19Note that xj has not been offered to any agent at h, by the presumptions of the lemma.
20Notice that in ΓA, at h∗A, only two agents are active, i and j. If these agents are in the same roles in ΓB , then

»B would also begin {i, j} »B ⋯.
21The case h∗B = h∗A is ruled out because i moves at h∗A in ΓA, and this history is controlled by role s, not s′.
22Because xi has been offered to both j and ` weakly prior to h∗A, it cannot be the first or second lurked object

(see Remark 5), which rules out (i). Since xi ∈C⊆` (h
∗
B), (ii) cannot hold. For (iii), since j is the only agent coded

in step 1, but xi ∈C⊆` (h
∗
B), we have that ` begins the round 2 continuation game by being offered xi (plus possibly

other objects) at h2
∅. Since xi ∈ C`(h2

∅), xi cannot be the first lurked object in round 2 (again by Remark 5), nor
can i be ranked first in this round and strictly so (for i to be ranked strictly first in the continuation game, either
xi—which Lemma 3 tells us i gets—has to be the first lurked object, or there are no lurked objects and i clinches xi
while it is unlurked and it has not been offered to the other active non-lurker; neither of these can happen because the
continuation game begins with xi being offered to `).
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Case: σB(s′) = `′ for some `′ ≠ i, j. First, notice that σB(s) = ` for some ` ≠ i. To see this,
assume that ` = i. Then, i is in the same role in ΓA and ΓB . This implies that h∗B ⊊ h∗A, because
if h∗A is reached in ΓB , i would clinch there, and be ranked above j. But, h∗B ⊊ h∗A implies that
j is not ranked first in »B (since she is not yet active at h∗B), which is a contradiction.

If σB(s) = j, then for j to be ranked first in »B , either (a) xj is the first lurked object on the
path to h∗B or (b) there are no lurked objects at h∗B , j clinches xj at h∗B , and xj has not been
offered to another active non-lurker. Notice that h∗B ⊋ h,23 which implies that xi ∈C⊆`′(h∗B). But,
since xi has been offered to agent `′, it is impossible for i to be ranked immediately after j in
»B without ties. Therefore, i must tie in »B .

If σB(s) ≠ j, then roles s and s′ are assigned to agents ` and `′ in ΓB , neither of which are j
or i. So, for j to be ranked first without ties, xj must be the first lurked object (and be lurked
by either ` or `′), and j must clinch it at some h∗B ⊋ h∗A. For i to be ranked second without
ties in this case, there must be two lurked objects at h∗B ,24 and xi must be the second lurked
object (after xj). But, at the history h′′ ⊋ h∗A where xj becomes lurked, one of agents ` or `′ is
an active non-lurker who has been previously offered to clinch xi, and so xi cannot be the next
lurked object, a contradiction. This completes the proof of Lemma 26. ∎

Continuing with the proof of Lemma 21, first, consider Q = 1. Then, all agents j1, . . . , jP ,
k1, . . . , kn,i are coded in step 1 of game Γn. By Remark 6, xj1 , . . . ,xjP ,xk1

, . . . ,xkn−1
all

become lurked on the initial passing path of the game form, and further, since n ≥ 2, we can
apply Lemma 20, which completes the proof for this case.

It remains to considerQ ≥ 2. Since at least P +1 agents are coded in step 1 (see the discussion
at the beginning of the proof of Lemma 5), all agents jp have been coded in the first step, and
so the agent who is coded first in step Q of the coding algorithm of Γn is kn̄ for some n̄ < n.
So, the subcoding of »n starting from step Q is:

kn̄ »n kn̄+1 »n⋯»n kn−1 »n {i,kn}.
Consider the sequence of games Γn̄,Γn̄+1 . . . ,Γn,Γn+1. Notice that the codings for all of
these games are exactly the same, up to agent kn̄−1. Therefore, by Lemma 4, all agents
j1, . . . , jP , k1, . . . , kn̄−1 are in the same roles in all of these games. In particular, agent kn̄−1

is the last agent coded in step Q − 1 in all of these games, and the initiating history of the
continuation game that begins step Q is the also the same in all of these games; label this
history hQ∅ . Now, applying the coding algorithm to the sequence of continuation games of
Γn̄, . . . ,Γn,Γn+1 starting from history hQ∅ , we get the sub-codings:

{i,kn̄} »n̄⋯
kn̄ »n̄+1 {i,kn̄+1} »n̄+1 ⋯
⋮
kn̄ »n kn̄+1 »n⋯»n kn−1 »n {i,kn} »n⋯.
kn̄ »n+1 kn̄+1 »n+1 ⋯»n+1 kn »n+1 i⋯

There are two cases.

23In case (a), this follows because there are no lurkers at h; in case (b), it follows from the assumption of the lemma
that xj ∉C⊆s(h).

24Since j clinches at h∗B , if there is no other lurked object at h∗B , the only active agents are `, `′, and j, and so one
of ` or `′ will be ranked above i in »B , which is a contradiction.



16

Case 1: n̄ < n. In this case, we can apply Lemma 20 to the game form starting from hQ∅ to
conclude that i must tie in »n+1. To see this, simply note that upon reindexing to start from hQ∅
rather than h∅, the condition “n ≥ 2” becomes “n ≥ n̄ + 1′′. Then, we have that xkn̄ , . . . ,xkn−1

all become lurked on the initial passing path of the game form starting from hQ∅ , which follows
from Remark 6, n ≥ n̄+1, and the fact that i is coded in the initial step of the continuation game
of Γn starting from hQ∅ . Thus, all of the conditions of Lemma 20 are satisfied.

Case 2: n̄ = n. In this case, the games we are concerned with are Γn and Γn+1, with
subcodings:

{i,kn} »n⋯ (A)

kn »n+1 i⋯.
Notice that here, we can no longer apply Lemma 20, since we do not have at least two games
in which i ties in the sequence. Our goal is to apply Lemma 26 instead, but to do so, we must
show that the conditions (i)-(iv) of Lemma 26 are satisfied at hQ∅ .

For each each coding step q = 1, . . . ,Q of game Γn, let hq∗n denote history at which the first
object is clinched in the qth coding step, and let h∅qn denote the initial history that begins the
continuation game for the next step, after all of the agents in step q − 1 are coded (in particular,
h∅1
n = h∅, and h1∗

n = h∗n in our earlier notation). In »n, all agents who are coded in steps q <Q
are ranked strictly, without ties. Let knq denote the agent who is coded last in the qth step. With
this notation, the subcoding from the qth step is:

knq−1+1 »n knq−1+1 »n⋯»n knq ,
where we define n0 = 0. It is possible that knq−1+1 = knq , in which case only one agent is coded
in step q. Since there are no ties, agent knq ends the coding step by clinching an unlurked object
that has not been offered to another non-lurker who is active at hq∗n .

CLAIM 1: Assume that Q > 1, and that at h1∗
n , there is an agent ` that is an active non-

lurker at h1∗
n that does not move at h1∗

n and xi ∈ C⊊` (h1∗
n ). For all q < Q, there is an agent

` ≠ k1, . . . , knq , i such that ` is an active nonlurker at hq∗n that does not move at hq∗n , and
xi ∈C⊊` (hq∗n ).

Claim 1 (whose proof can be found starting with the next paragraph) implies that when we
reach step Q in Γn, at the initiating history of the continuation game h∅Qn that begins this step,
there is some agent ` ≠ k1, . . . , kn−1, i such that xi ∈C`(h∅Qn ). Since the subcodings for »n in
this step begin with a tie between i and kn (see Equation A), it must be that ` = kn. Finally, we
apply Lemma 26 by setting A = n, B = n+ 1, h = h∅Qn , j = kn, and i = i to conclude that i must
tie in »n+1.25 To complete the proof of Lemma 21, we hence only need to prove Claim 1.

Proof of Claim 1 (stated above). By supposition, there is an agent ` that is an active nonlurker
at h1∗

n that does not move at h1∗
n , and xi ∈C⊊` (h1∗

n ). It is clear that ` is not coded in step 1 (since
there is no tie in step 1), and so ` ≠ k1, . . . , kn1 . To see that ` ≠ i, note that if ` = i , then step 2
begins with agent i being offered to clinch xi. If i is not coded in step 2, then step 3 begins with

25Condition (i) of Lemma 26 is immediate. Condition (ii) was just shown. Condition (iii) holds because, if xkn ∈
Ckn(h

∅Q
n ), then kn would immediately clinch it at h∅nn , and would not tie with i in »n. Condition (iv) is also

immediate, as i has not yet been called to move at h∅Qn .
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i being offered xi, etc. The same continues up to and including step Q, in which i is coded.
Since i is coded first in step Q (tying with kn) xi is her top object among those that remain
at the beginning of step Q. Since xi ∈Ci(h(Q−1)∗

n ), agent i begins step Q by being offered to
clinch xi at the initial history of this step. Since xi is her top remaining object, she would clinch
it, and thus would not tie with kn, which is a contradiction. Thus, the statement holds for q = 1.

Now, consider step q = 2 of game Γn, which begins at h∅2
n and produces the subcoding:

kn1+1 »n kn1+2 »n⋯»n kn2 »n .
Case 1: n2 = n1 + 1. Then only one agent, agent kn1+1, is coded in step 2 of game Γn, which

begins with the continuation game that starts at history h∅2
n . The result from step 1 implies that

at h∅2
n , some agent ` ≠ k1, . . . , kn1 , i moves and xi ∈C`(h∅2

n ).
Since kn1+1 is the only agent coded in step 2 of Γn, and does not tie, she must clinch xk

n1+1

at h2∗
n in Γn while it is unlurked, and before it is offered to another active non-lurker. Now, since

»n and »n1+1 are the same up til agent kn1 , Lemma 4 implies that h∅2
n = h∅2

n1+1
; for shorthand,

define h∅2 ∶=h∅2
n = h∅2

n1+1
. The second step continuation games of Γn1+1 and Γn both start from

h∅2 , and lead to the initial subcodings:

{i,kn1+1} »n1+1 ⋯
kn1+1 »n⋯

Let role s be the role that moves at h∅2 , and role s′ be the second role that becomes active
on the initial passing path of the game form starting from h∅2 . These two roles exist because
there is an initial tie in »n1+1, and in Γn1+1, s and s′ are assigned to kn1+1 and i, in some
manner. If σn1+1(s) = i, then i would clinch at h∅2 in Γn1+1, and would not tie, a contradiction.
Therefore, σn1+1(s) = kn1+1, which implies that xk

n1+1
∉ Ck

n1+1
(h∅2

n ); indeed, if this were
true, then kn1+1 would clinch it at h∅2

n1+1
in Γn1+1, which contradicts that kn1+1 ties in »n1+1.

Now, if σn(s) = kn1+1, then kn1+1 is in the same role in both games, and so it must be i that
clinches at h2∗

n1+1
, which means that xi ∈Cs′(h2∗

n1+1
).26 It also means that h2∗

n ⊋ h2∗
n1+1

, and that
σn(s′) ≠ i, and so, there exists some agent `′ ≠ i such that in Γn, xi ∈C`′(h2∗

n ), which is what
we wanted to show.

Last, if σn(s) ≠ kn1+1, then σn(s′) = kn1+1. Thus, in this case, there is some agent other
agent ` such that σn(s) = `. Again, ` ≠ i, because xi ∈Cs(h∅2

n ). Thus, when kn1+1 clinches at
h2∗
n in Γn, we have xi ∈C⊊` (h2∗

n ), as desired.
Case 2: n2 > n1 + 1. Consider games Γn1+1,Γn1+2, . . . ,Γn and notice that the codings for all

of these games are equivalent up to agent kn1 . Therefore, by Lemma 4, all agents k1, . . . , kn1

are in the same roles in all of these games, and so these agents will take the same actions, which
implies that, for each of these games, step 2 of the coding algorithm begins at the same history
of the game form, which we denote h∅2 .

Consider the continuation game starting at h∅2 , and recall that h2∗
n′ is the first time an object

is clinched in step 2 of game Γn′ , which is also the first time an object is clinched in step
1 of the continuation game beginning at h∅2 . Notice that by the structure of »n, the objects
xk

n1+1
, . . . ,xk

n2−1
are lurked at h2∗

n in Γn, while xk
n2

is not, i.e., objects xk
n1+1

, . . . ,xk
n2−1

are the first lurked objects (in order) along the initial passing path of the game form, beginning
at h∅2 .

26If kn1+1 clinched first in Γn1+1 and Γn, and is in the same role, then the subcodings »n1+1 and »n would be
the same up to kn1+1, which is a contradiction.
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The subcodings of games Γn1+1,Γn1+2, . . . ,Γn2+1 beginning at history h∅2 are:

{i,kn1+1} »n1+1 ⋯
⋮
kn1+1 »n2 kn1+2 »n2 ⋯»n2 kn2−1 »n2 {i,kn2} »n2 ⋯.
kn1+1 »n2+1 kn1+2 »n2+1 ⋯»n2+1 kn2 »n2+1 {i,kn2+1}⋯

By Lemma 20 applied to the continuation game and subcodings beginning at h∅2 , in Γn2+1,
at h2∗

n2+1
, there is an agent ` such that ` is an active non-lurker at h2∗

n2+1
that does not move at

h2∗
n2+1

and xi ∈C⊊` (h2∗
n2+1
). Since »n is equivalent to »n2+1 up to agent kn2

, and agent kn2
is

the last agent in a coding step of game Γn, we have that h2∗
n = h2∗

n2+1
, by Lemma 4. This implies

that at h2∗
n , there is an agent ` that is an active non-lurker at h2∗

n that does not move at h2∗
n and

xi ∈C⊊` (h2∗
n ) (which may or may not be the same such agent in Γn2+1, depending on the role

assignment functions).
It remains to show that ` ≠ k1, . . . , kn2 , i. It is clear that ` ≠ k1, . . . , kn2 , since all of these

agents are coded by the end of step 2 in Γn, while agent ` is not. If ` = i, step 3 begins with
agent i being offered to clinch xi. If i is not coded in step 3, then i continues to be active in step
4, which begins with i being offered xi, etc.. The same continues up to and including step Q,
in which i is coded. Since i is coded first in step Q (tying with kn) xi is her top object among
those that remain at the beginning of step Q. Since xi ∈Ci(h(Q−1)∗

n ), agent i begins step Q by
being offered to clinch xi at the initial history of this step. Since xi is her top remaining object,
she would clinch it, and thus would not tie with kn, which is a contradiction. Therefore, ` ≠ i.
This completes the result for q = 2.

We then just repeat the arguments for the q = 2 case for all q = 3,4, . . . ,Q−1, which completes
the proof of Claim 1 and hence of Lemma 21. ∎

Proof of Lemma 22

The proof strategy is to apply Lemma 21. Thus, consider game Γn, and, as in the statement
of Lemma 21, let Q be the step of the coding algorithm in which i is coded in game Γn and h1∗

n

be the history at which the first clinching action is taken in step q ∈ {1, . . . ,Q} of game Γn. If
Q = 1, we can apply Lemma 21 immediately to conclude i ties with some agent kn+1 in »n+1.
So, consider Q > 1. To apply Lemma 21 in this case, we must show that at h1∗

n , there is an agent
` that is an active non-lurker at h1∗

n that does not move at h1∗
n and xi ∈C⊊` (h1∗

n ).
We first claim that at h1∗

n , there are at least P + 1 lurked objects. As discussed at the
beginning of the proof of Lemma 5, we can assume that j1 »n ⋯ »n jP »n ⋯ and that the
objects xj1 , . . . ,xjP are all lurked at h1∗

n = (h̆, a∗, . . . , a∗), where h̆ = (h∅, a∗, . . . , a∗) is the
earliest history at which the youngest lurked object among the xjp ’s, xjP , becomes lurked. So,
there are at least P lurked objects at h1∗

n . If there are exactly P lurked objects at h1∗
n , then no

new object has become lurked on the passing path from h̆ to h1∗
n , which implies that h1∗

n is
not a terminating history. This follows because a presumption in the statement of the lemma
is that xk1

is the (P + 1)th lurked object along the initial passing path, so there must some
continuation history (h1∗

n , a
∗, . . . , a∗) at which xk1

becomes lurked. We also conclude that the
agents coded in step 1 of the coding algorithm applied to Γn are j1, . . . , jP , k1,27 and so one

27This is because the agents coded in a step that is initiated at some h1∗
n are: (i) the lurkers at h1∗

n , (ii) the non-
lurker who moves at h1∗

n , and (iii) possibly one more active non-lurker, and if this agent is coded, there must be a tie
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of these agents moves at h1∗
n . Recall that by Lemma 3, all of these agents receive the same

object in all games under consideration, namely xjp for agent jp and xk1
for agent k1 (cf. the

last bullet point in the discussion of arms on page 26). Assume first that the agent who moves
at h1∗

n is some jp. This means that jp must be clinching xjp at h1∗
n . As xjp is a lurked object

at h1∗
n , Lemma 14 implies that h1∗

n is the terminating history, which is a contradiction. So, the
agent who moves at h1∗

n must be agent k1, who clinches xk1
. But then, at h1∗

n , xk1
has been

offered to an active non-lurker, which implies that xk1
cannot be the next lurked object along

the initial passing path (Remark 5), which is again a contradiction.
Therefore, there are at least P +1 lurked object at h1∗

n . In particular, the objects xj1 , . . . ,xjP ,
xk1

, . . . ,xkn′−1
are all lurked at h1∗

n , while xkn′ is not, for some n > n′ > 1.28 Consider game
Γn′+1 and notice that »n is equivalent to »n′+1 up to agent kn′ . By Lemma 4, all agents
j1, . . . , jP , k1, . . . , kn′ are in the same roles in all of these games, and h1∗

n = h1∗
n′+1. By Lemma

20,29 in Γn′+1, at h1∗
n′+1, there is an agent ` such that ` is an active non-lurker at h1∗

n′+1 that does
not move at h1∗

n′+1, and xi ∈C⊊` (h1∗
n′+1). Since h1∗

n = h1∗
n′+1, we conclude the same is true at h1∗

n .
Thus, we can apply Lemma 21 to conclude that agent i must tie with some agent kn+1 in »n+1.
∎

Proof of Lemma 23

We begin by showing the result for n = 1, as part of the following claim.

CLAIM 1: Assume that there exist σ0 and σ1 such that:

j1⋯jP »0 i »0 k1 »0 ⋯
j1⋯jP »1 {i,k1} »1 ⋯.

Then:
(a) We have h∗0 ⊊ h∗1 , and the agent that moves at h∗0 in Γ0 is agent i.
(b) If there exists a σ2 such that j1⋯jP »2 k1 »2 i⋯, then h∗0 ⊊ h∗2 . Further, in »2, agent i

must tie with some other agent k2.
(c) If xk1

is not the (P + 1)th lurked object on the initial passing path, then in Γ2, agent k1

clinches at h∗2 ⊊ h∗1 . Further, at h∗2 , there is an active non-lurker ` ≠ j1, . . . , jP , i, k1 such that
xi ∈C⊊` (h∗2).

The proof of this claim can be found immediately after the proof of this lemma. Now,
consider a sequence α such that n ≥ 2. We will show that i must tie in »n+1.

In game Γn, i is coded in some step of the coding algorithm with some subset of the agents
j1 . . . , jP , k1, . . . , kn−1. Let Q be the step number in which i is coded in game Γn. The goal is
to apply Lemma 21, which the following claim allows us to do.

CLAIM 2: If Q ≥ 2, then at h∗n, there is an agent ` that is an active non-lurker at h∗n that
does not move at h∗n and xi ∈C⊊` (h∗n).

at the end of the step. As there is no tie in (P + 1)th place under »n, there is no agent of type (iii), and thus at most
P + 1 agents are coded, namely the agents j1, . . . , jP , k1.

28Because Q ≥ 2, the last agent coded in step 1 of Γn is at most kn−1, which means that xkn−1 is not lurked at this
point. Thus, the last lurked object is at most xkn−2 , which implies n′ < n. That n′ > 1 follows from the supposition
that xk1 is the (P + 1)th lurked object on the initial passing path of the game form, and, as we just showed, at least
P + 1 objects are lurked at h1∗

n .
29In this case, we apply Lemma 20 to the arm (σ1, . . . ,σn′+1).
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The proof of this claim is found below, immediately after the proof of Claim 1. Given Claim
2, we can apply Lemma 21 to conclude that i must tie in »n+1, and hence proving Claims 1 and
2 is sufficient to complete the proof of Lemma 23.

Proof of Claim 1 (stated above). Since we assume there are at least P lurkers at h∗1 , by the
structure of »1, there are exactly P lurkers at h∗1 . This implies that the first P lurked objects are
xj1 , . . . ,xjP . Additionally, objects xi and xk1

are unlurked at h∗1 , and so xi and xk1
are agent

i and k1’s favorite objects among the set of those that are unlurked at h∗1 , respectively.
Part (a). Suppose not, then the passing structure of histories implies that h∗1 ⊆ h∗0 . Notice that

at h∗1 , there must be two active non-lurker roles.
Case 1: P = 0. In this case, there are no agents jp, so at h∗1 , there are exactly two active roles,

label them s and s′, and wlog, let σ1(s) = i and σ1(s′) = k1. If i clinches at h∗1 in Γ1, then
xi ∈ C⊊s′(h∗1) and xi ∈ Cs(h∗1). Now, for i to be ranked first without ties in »0 either (i) xi is
the first lurked object of the game or (ii) i clinches xi first as an unlurked object, and it has not
been offered to another active non-lurker. However, h∗1 ⊆ h∗0 implies that neither (i) nor (ii) can
obtain, as xi has been offered to both active non-lurkers at h∗1 , which is a contradiction.

If k1 clinches at h∗1 in Γ1, then xk1
∈C⊊s (h∗1) and xk1

∈C⊆s′(h∗1). Now, h∗1 ⊆ h∗0 implies that in
Γ0, σ−1

0 (k1) ≠ s,s′.30 Since k1 is not in either of these roles, there is some ` ≠ i,k1 that is active
at h∗1 in Γ0 and is such that xi ∈C⊆` (h∗1). Notice also that since xk1

has been offered to both
active agents at h∗1 , it cannot be the second lurked object along the initial passing path (Remark
5), and so for k1 to be ranked second, there can be at most 3 active agents at h∗0 , in particular
agents i,k1, and `. If k1 moves at h∗0 , i must be lurking xi, and k1 will tie with agent `. If `
moves at h∗0 , it is clear k1 will not be ranked second without ties. If i moves at h∗0 , then there
must be no lurked objects at h∗0 .31 But, since h∗1 ⊆ h∗0 , we have xk1

∈ C`(h∗0), and so, since `
was not coded in the first step, she begins the second step by being offered xk1

at the initiating
history of the continuation game. Thus, it is impossible for k1 to be ranked first without ties in
this continuation game, a contradiction.

Case 2: P ≥ 1. In this case, there is at least one lurker jp at h∗1 . Further, at h∗1 , there are P
active lurker roles for the objects xj1 , . . . ,xjP , and 2 active non-lurkers roles; label the role that
moves at h∗1 as s, and the other active nonlurker at h∗1 as s′. There are three subcases, depending
on who is in role s.

Subcase 2.1. σ1(s) = i. In this case, we have σ1(s′) = k1 and xi ∈ C⊊s′(h∗1). We first claim
that i cannot be active at h∗1 in Γ0. First, notice that i cannot move at h∗1 in Γ0, because if she
did, she would choose the same action at h∗1 in both games, and would tie in »0, just as she did
in »1. So, σ0(s) ≠ i. Next, assume i is a lurker at h∗1 in Γ0, for some lurked object xj1 , . . . ,xjP .
Note that xi cannot be the next object lurked along the initial passing path because it has been
offered to (both) active non-lurkers at h∗1 , so at h∗0 , there must be no newly lurked objects, and
roles s and s′ are still active non-lurkers. The first coding of step Γ0 thus ends when i clinches
xi, which is unlurked. But, because h∗1 ⊆ h∗0 , xi has been offered to both role s and s′ at h∗0 ,
and one of these is an active non-lurker who does not move at h∗0 , and so i would tie with this
agent in »0.

Second, assume that σ0(s′) = i. Then, notice that xi ∈ Cs′(h′) for some h′ ⊊ h∗1 . We claim
that i would clinch xi at this history. Indeed, at h′, role s′ is an active non-lurker that is not the

30If σ−1
0 (k1) = s, then k1 would clinch at some h′ ⊊ h∗1; if σ−1

0 (k1) = s′, then k1 is in the same role in Γ0 and
Γ1, and thus would clinch at h∗0 = h

∗
1 , and would once again tie for first in »0.

31If there were, it must be xi. It cannot be lurked by k1, since this would mean xi is her top object, which is a
contradiction. So, it must be lurked by some ` ≠ i,k1, and so ` will be ranked ahead of or tie with k1 in »1.
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terminator.32 This means that only unlurked objects are possible for the agent in this role, and
since xi is i’s favorite unlurked object, she will clinch it at h′, by greedy strategies. Therefore,
i is not active at h∗1 in Γ0.

Now, i is not active at h∗1 in Γ0, but there are two active non-lurkers, those in roles s and
s′, and both of these have been offered xi. Thus, xi cannot be the next lurked object along the
initial passing path of the game form, and so there can be no newly lurked objects at h∗0 . But
then, i is not active at h∗0 (since no new agent can become active unless something else becomes
lurked), and so i is not coded in this step, which contradicts that she is ranked (P + 1)th in »0.

Subcase 2.2: σ1(s) = k1. In this case, we have xk1
∈ Cs′(h′) for some h′ ⊊ h∗1 ⊆ h∗0 and

xk1
∈ Cs(h∗1). This implies that xk1

cannot be either of the next two lurked objects on the
initial passing path of the game form (if they exist). Since k1 is ordered immediately after i in
»0 and k1 does not tie, there can be at most one newly lurked object at h∗0 , and it must be xi.

We next claim that k1 cannot be active at h∗1 in Γ0. It is clear that σ0(s) ≠ k1, because
otherwise k1 would clinch at h∗1 in Γ0, and once again tie in »0. We also have that σ0(s′) ≠ k1.
To see why, notice that s′ is not the terminator role (see footnote 32). So, only unlurked objects
are possible for the agent in this role, and thus, if k1 was in this role, she would clinch xk1

at
h′ ⊊ h∗0 , since it is her favorite unlurked object. Last, if k1 lurks some object xjp at h∗1 , then
she strictly prefers xjp to xk1

. It then must be some agent jp′ that moves at h∗0 and clinches a
lurked object xjp′ . This means that jp′ is in the terminator role. We claim that σ−1

0 (jp′) ≠ s,s′.
We know (see footnote 32) that s′ is not the terminator role, so σ−1

0 (jp′) ≠ s′. If σ0(s) = jp′ ,
then s is the terminator role. But, this contradicts that k1 clinched xk1

first at h∗1 in Γ1, since in
that game she was in the terminator role and so xjp is possible for her, and she strictly prefers
it. Therefore, in Γ0, jp′ is in some role s′′ that was not active at h∗1 . This implies that one of s
or s′ is still active at h∗0 in Γ0, and whoever it is, this agent has been offered xk1

prior to h∗0 .
So, k1 would tie with this agent in »0, a contradiction.

So, k1 is not active at h∗1 in Γ0. So, there is some agent ` ≠ j1, . . . , jP , i, k1 that is active at h∗1
in Γ0. This agent cannot be a lurker at h∗0 , since if she were, she would necessarily be coded
in step 1, and, as xk1

is not lurked at h∗0 , k1 could at best tie with her. Thus, σ−1
0 (`) = s or s′,

and no matter which, we have xk1
∈C`(h∗1). If xk1

is clinched in step 1, then k1 can at best tie
with `. If k1 is not coded in step 1, then in at the start of the continuation game for step 2, ` is
offered xk1

. But, if this is the case, then k1 cannot be ordered first without ties in step 2, which
contradicts the definition of »0.

Subcase 2.3: σ1(s) = jp for some p = 1, . . . ,P . In this case, agent jp is clinching a lurked
object at h∗1 , and so h∗1 is the terminating history. Then, h∗1 ⊆ h∗0 implies that h∗1 = h∗0 . Thus, in
Γ0, xi is the first (and only) unlurked object clinched in step 1, and so xi ∉C⊊s′(h∗1). So, because
there is a tie in Γ1, it must be that xk1

∈C⊊s′(h∗1).
Next, we claim that in Γ0, k1 is not active at h∗1 . Indeed, k1 is not in role s (as that is

occupied by jp). She also cannot be a lurker, because she is not coded in step 1 (which ends
with i). Finally, consider role s′. Notice that s′ is not the terminator role (because that is role
s), and so, if k1 were in role s′, she would clinch xk1

at some history h′ ⊊ h∗1 at which it was
offered to her, a contradiction.

Therefore, there is some ` ≠ j1, . . . , jP , i, k1 that is such that σ0(s′) = ` and xk1
∈ C`(h∗1).

Since ` is not coded in step 1, she begins the continuation game for step 2 by being offered xk1
.

Thus, k1 cannot be ordered first in step 2 without ties, which is a contradiction.
The above shows that h∗0 ⊊ h∗1 . To finish the proof of part (a), we must show that agent i

moves at h∗0 in Γ0. Notice that h∗0 ⊊ h∗1 and the structure of »1 implies there can be at most P

32This follows from Lemma 15. If this role were the terminator, then role s could not be offered xi at h∗1 ⊋ h
′.
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lurkers at h∗0 . First, if there are no lurkers (P = 0) at h∗0 , then, it is clear that i must move at
h∗0 , as that is the only way she can be ranked first without ties. Now, presume that P > 0. If it
is some jp that moves at h∗0 , then jp clinches a lurked object xjp , which implies that h∗0 is the
terminating history, which contradicts h∗0 ⊊ h∗1 . Therefore, no agent j1, . . . , jP can move at h∗0 .
Since there can be at most P lurkers at h∗0 , given that i is ranked (P + 1)th without tying, the
only other possibility is that it is agent i that moves at h∗0 and clinches xi.

Part (b). We first show that h∗0 ⊊ h∗2 . By part (a), h∗0 ⊊ h∗1 . This means that agent i cannot
move at h∗0 in Γ1. Nor can any potential agent jp, because if they did, they would be clinching a
lurked object, which means h∗0 is the terminating history, which contradicts h∗0 ⊊ h∗1 . Therefore,
it must be k1 that moves at h∗0 in Γ1.

By way of contradiction suppose that h∗0 ⊊ h∗2 fails; because of the passing structure of this
histories, it means that h∗2 ⊆ h∗0 . The structure of »2 implies that k1 clinches at h∗2 in Γ2, which
also means that h∗2 and h∗0 are controlled by different roles, and further h∗2 ⊊ h∗0 .33 So, in Γ0, it
must be some agent ` ≠ j1, . . . , jP , i, k1 that moves at h∗2 . But then, we have xk1

∈C`(h∗0), so
at the initial history of the continuation game that begins step 2, agent ` is offered xk1

, and so
k1 cannot be ordered first in step 2, which is a contradiction to the definition of Γ0. Therefore,
h∗0 ⊊ h∗2 .

Thus, we have h∗0 ⊊ h∗1,h∗2 , and so agent i does not move at h∗0 in Γ1 or Γ2.
Case 1: Agent k1 moves at h∗0 in Γ2. Here, k1 is in the same role as in Γ1, and so h∗1 ⊊ h∗2 .

This implies that i must clinch at h∗1 in Γ1, and so i does not move at h∗1 in Γ2. If some jp
moves at h∗1 in Γ2, then this agent must also clinch at h∗2 , and she must clinch a lurked object.
This means that i must be a lurker for some xjp′ , and so she strictly prefers xjp′ to xi. But then,
the agent that moves at h∗1 is in the terminator role, and so in Γ1, i is in the terminator role,
and since she clinches xi at h∗1 , this implies that xi is her top object (lurked or unlurked) by
Lemma 15(ii), which is a contradiction. So, it must be some ` ≠ j1, . . . , jP , i, k1 that moves at
h∗1 in Γ2, and so xi ∈C⊊` (h∗2) in Γ2. Since ` is not coded in step 1, she is offered xi at the initial
history of the continuation game that begins step 2. Therefore, i cannot be ranked first without
ties in this continuation game.

Case 2: Some agent j1, . . . , jP moves at h∗0 in Γ2. This agent, say jp, must be the one
clinching at h∗2 (since jp is not a lurker at h∗0 , but ultimately receives a lurked object), and she
must clinch a lurked object. This implies that the agent who moves at h∗0 is in the terminator
role, and that h∗2 is the terminating history, so h∗1 ⊆ h∗2 . Let r be the other role that is active at
h∗1 . Since there is a tie in »1, this role must be such that either xi ∈C⊆r (h∗1) or xk1

∈C⊆r (h∗1). In
the latter subcase, xk1

cannot be the next lurked object along the passing path (from h∗1), and so
there must be no newly lurked objects at h∗2 . Next, notice that σ2(r) ≠ k1, because otherwise,
k1 would clinch xk1

at the history h′ ⊊ h∗1 where it was offered in Γ2. Thus, k1 can at best tie
with the agent σ2(r), which is a contradiction.

For the subcase xi ∈C⊆r (h∗1), if σ2(r) = k1, then there is some agent ` ≠ j1, . . . , jP , k1 who
is a lurker for some xj1 , . . . ,xjP . We also have ` ≠ i. This is because the agent who moves at
h∗0 is in the terminator role, and so in Γ0, i is in this role, and since she clinches, xi is her top
available object (lurked or unlurked), and therefore i cannot lurk any of the xjp ’s. Therefore,
agent ` will be ranked ahead of i in »2, a contradiction.34 We also cannot have σ2(r) = i,
because i would clinch xi at the history h′ ⊊ h∗1 at which she was offered xi. Thus, σ2(r) = `
for some ` ≠ j1, . . . , jP , i, k1. Agent ` is not coded in step 1, and thus, she is offered xi at the
initiating history of the continuation game that begins step 2, and so i cannot be ranked first
without tying in step 2.

33If they were the same role, then k1 is in this role in Γ1, and would clinch at h∗2 in Γ1, which is a contradiction.
34Note that xi cannot be lurked at h∗2 , since it has been offered to agent jp at h∗0 , who is the terminator.
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Part (c). If xk1
is not the (P + 1)th lurked object, then, because k1 is ordered without tying

in »2, at h∗2 , k1 must clinch xk1
, and it has not been offered to another active non-lurker. Notice

also that h∗0 ⊊ h∗2 implies that i does not move at h∗0 in Γ1 or Γ2, and that k1 moves at h∗0 in Γ1.
If k1 moves at h∗0 in Γ2, then she is in the same role in both games, and so h∗1 ⊊ h∗2 . This also
means that i moves at h∗1 in Γ1 (because if it was k1, then xk1

is offered to both active roles
at h∗1 , and so in Γ2, k1 would clinch at some h′ ⊊ h∗2). Thus, xi has been offered to both active
non-lurker roles at h∗1 . This implies that i cannot be active at h∗1 in Γ2, and so there is some
` ≠ j1, . . . , jP , i, k1 such that xi ∈C`(h∗2) in Γ2. If k1 does not move at h∗0 in Γ2, then it is some
` ≠ j1, . . . , jP , i, k1 that moves at h∗0 . In either case, we have xi ∈ C⊊` (h∗2) in Γ2, establishing
Claim 1. ∎

Proof of Claim 2 (stated above). Since it is without loss of generality to assume that there
are at least P lurkers at h∗n, there are two cases. Recall that k1 is ranked strictly, without ties,
in »n.

Case 1: There are exactly P lurkers at h∗n. In this case, k1 is the last agent coded in step
1 of Γn. Consider game Γ2, and notice that »n=»2 up to agent k1. Since agent k1 is the last
agent in a coding step, by Lemma 4, all agents j1, . . . , jP , k1 are in the same roles in Γ2 and Γn,
and h∗n = h∗2 . Further, notice that xk1

is not the (P + 1)th lurked object along the initial passing
path,35 and so, by Claim 1 part (c), there is an agent ` that is an active non-lurker at h∗2 that does
not move at h∗2 and xi ∈C⊊` (h∗2). Since h∗2 = h∗n, the result holds.

Case 2: There are strictly greater than P lurkers at h∗n. In this case, the objects
xj1 , . . . ,xjP ,xk1

, . . . ,xkn′−1
are lurked at h∗n, while xkn′ is not, where n > n′ > 1.36 Consider

game Γn′+1, and notice that »n is equivalent to »n′+1 up to agent kn′ . Therefore, by Lemma 4,
all agents k1, . . . , kn′ are in the same roles in all of these games, and h∗n = h∗n′+1. By Lemma 20,
in Γn′+1, at h∗n′+1, there is an active agent ` such that ` is an active non-lurker at h∗n′+1 that does
not move at h∗n′+1 and xi ∈C⊊` (h∗n′+1). Since h∗n = h∗n′+1, Claim 2 holds and so does Lemma 23.
∎

Proof of Lemma 24

By the assumption that n,m ≥ 2 in α and α′, we have that there exist (at least) the following
codings:

j1⋯jP »1 {i,k1} »1 ⋯
j1⋯jP »2 k1 »2 {i,k2}⋯
j1⋯jP »′2 i »′2 {k1, k

′
2}⋯.

We start by presenting the following two conditions, one of which, when combined with
prior lemmas, will imply that Statement 1 of the lemma holds, and the other of which will
imply Statement 2 of the lemma holds.

• Condition 2: In Γ2, at h∗2 there is an active non-lurker ` such that ` does not move at h∗2
and xi ∈C⊊` (h∗2).

35If k1 clinches at h∗n, then xk1 is offered to an active non-lurker, and so cannot be the next lurked object along the
initial passing path; if some jp clinches at h∗n, then they are clinching a lurked object, and so h∗n is the terminating
history, which again implies that xk1 is not (P + 1)th lurked object along the initial passing path (because no such
object exists).

36Because Q ≥ 2, the last agent coded in step 1 of Γn is at most kn−1, which means that xkn−1 is not lurked, i.e.,
the last lurked object is at most xkn−2 , which is why we have n′ < n.
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• Condition 2′: In Γ′
2, at h∗2′ , there is an active non-lurker ` such that ` does not move at h∗2′

and xk1
∈C⊊` (h∗2′).37

We first show that these conditions imply the lemma. Then, we show that one of these
conditions must hold.

We will show that Condition 2 implies that Statement 1 of Lemma 24 holds. The two
statements are symmetric, so this will also show that Condition 2′ implies Statement 2 of
Lemma 24.

To show Condition 2 implies Statement 1, we use Lemma 21. So, consider the sequence of
codings

j1⋯jP »1 {i,k1} »1 ⋯
j1⋯jP »2 k1 »2 {i,k2}⋯
j1⋯jP »3 k1 »3 k2 »3 {i,k3} »3 ⋯
⋮
j1⋯jP »n k1 »n k2 »n k3 »n⋯»n kn−1 »n {i,kn} »n⋯
j1⋯jP »n+1 k1 »n+1 k2 »n+1 k3 »n+1 ⋯»n+1 kn−1 »n+1 kn »n+1 i⋯

Recall that it is wlog to assume that there are at least P lurked objects at h∗n′ for each n′.
We claim further that in this case, there are exactly P lurked objects at h∗n′ for each n′. For
n′ = 1, this follows from the fact that i and k1 tie. For n′ > 1, the next ordered agent is k1. So,
if there were p >P lurked objects at h∗n′ , the (p+ 1)th lurked object would have to xk1

, which
contradicts the supposition of the lemma. Therefore, for all n′ = 1, . . . ,n + 1, at h∗n′ in game
Γn′ , there are exactly P lurked objects, and by definition, these must be xj1 , . . . ,xjP , in this
order.

Next, notice that for all n′ ≥ 2, since there are exactly P lurked objects at h∗n′ , the set of
agents coded in step 1 of Γn′ must be j1, . . . , jP , k1. In particular, this is true for Γ2 and Γn,
and since »2 is equivalent to »n up to agent k1, by Lemma 4, all of these agents are in the
same roles in both games, and h1∗

n = h∗2 . By Condition 2, there is some agent ` such that ` is
an active non-lurker that does not move at h∗2 and xi ∈C⊊` (h∗2). Since h1∗

n = h∗2 , we have that
in Γn, there is some agent `′ that is an active non-lurker at h1∗

n and that does not move at h1∗
n

and xi ∈C⊊` (h1∗
n ). Further, Q ≥ 2. Thus, all of the conditions of Lemma 21 are satisfied, and we

conclude that i must tie with some agent kn+1 in »n+1.
We complete the proof of Lemma 24 by showing that at least one of Condition 2 or Condition

2′ must hold. This assertion is proven as Lemma 27 below.

LEMMA 27: Assume that there are three codings:

j1⋯jP »A {i,k} »A⋯
j1⋯jP »B i »B ⋯
j1⋯jP »C k »C ⋯

such that:
• At each of h∗A,h

∗
B,h

∗
C , the objects xj1 , . . . ,xjP are all lurked, in this order, and

37We use h∗2′ (instead of h
′∗
2 ) to denote the first history at which an object is clinched in game Γ′2 (under role

assignment σ′2).
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• Neither xi nor xk are the (P + 1)th lurked object on the initial passing path of the game.
Then, one of the following conditions must hold:

Condition (B): In ΓB , at h∗B there is an active non-lurker ` such that ` does not move at h∗B
and xk ∈C⊊` (h∗B).

Condition (C): In ΓC , at h∗C , there is an active non-lurker ` such that ` does not move at h∗C
and xi ∈C⊊` (h∗C).

Proof of Lemma 27. First, notice that in each of the games, there must be exactly P lurkers
at h∗γ for γ =A,B,C . It is a presumption of the lemma that there are at least P lurkers. To see
that there are at most P lurkers, notice that, for ΓA, this holds because i and k tie. In ΓB , it
holds because xi is not the next lurked object along the initial passing path, and thus, xi must
be the first—and since there is no tie, only—unlurked object that is coded in step 1. The same
applies to ΓC . Therefore, in ΓA, there are exactly P + 2 agents coded in step 1, while in ΓB
and ΓC , there are exactly P + 1 agents coded in step 1.

In ΓA, at h∗A, there are P active lurker roles and two active non-lurker roles. The objects
xj1 , . . . ,xjP are lurked, and xi and xk are unlurked. Let s be the active non-lurker role that
moves at h∗A, and s′ the role of the other active non-lurker. One of xi or xk must be the first
unlurked object that is clinched in step 1 of the coding algorithm, either at h∗A itself, or in the
chain of assignments that follows. Assume it is xi (a symmetric argument works if it is xk).
This implies that xi ∈C⊊s′(h∗A), and σA(s′) = k. There are two cases, depending on who is in
role s.

Case 1: σA(s) = jp for some p. Agent jp must be clinching a lurked object at h∗A, which
implies that h∗A is the terminating history, and s is the terminator role. This means that s′ is
not the terminator role, and so xk ∉ C⊆s′(h∗A); indeed, if this were true, then agent k would
have clinched it in ΓA, because it is her favorite unlurked object and only unlurked objects are
possible for a non-lurker who is not the terminator (Lemma 15(iv)). It also means that agent i
must be a lurker for some object xjp̄ , and thus, agent i strictly prefers xjp̄ to xi.

Now, consider game ΓC . The agents coded in step 1 of ΓC are j1, . . . , jP , k, and so it must
be one of these agents that moves at h∗C .

Subcase 1.1: The agent that clinches at h∗C is some jp′ . Here, h∗C must also be the
terminating history, and so σC(s) = jp′ and h∗A = h∗C . Since k is coded in step 1, she must
then be a lurker, and so there is some other agent ` ≠ j1, . . . , jP , k such that σC(s′) = `. We
claim that ` ≠ i. Indeed, if ` = i, then there is some history h′ ⊊ h∗C such that xi ∈Ci(h′). Since
s′ is not the terminator role, only unlurked objects are possible for i in ΓC , and since xi is
her top unlurked object, she would clinch at h′, a contradiction. Therefore, σC(s′) = ` ≠ i, and
Condition (C) holds.

Subcase 1.2: Agent k clinches at h∗C in ΓC . Here, we have σC(s) = k, because, as we saw
above, xk ∉C⊆s′(h∗A) and h∗A is the terminating history, so h∗C ⊆ h∗A. Let h′ ⊊ h∗A be the history
at which role s′ is offered to clinch xi.

If h∗C ⊋ h′, then, by similar logic to subcase 1.1, σC(s′) = ` for some ` ≠ j1, . . . , jP , k, i, and
Condition (C) holds.

Finally, consider h∗C ⊊ h′.38 In ΓB , since there are exactly P + 1 agents coded in step 1,
xi is the first (and only) unlurked object that is clinched, and since there is no tie, it has not
been offered to another active non-lurker. This implies that h∗B ⊆ h′ ⊊ h∗A. Since h∗B is not the
terminating history, it must be an unlurked object that is clinched, and therefore, it must be
i that clinches xi. If σB(s) = i, then i is in the terminator role, and would not clinch xi first

38Note that h∗C = h′ is ruled out because role s′ moves at h′, while role s moves at h∗C .
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at h∗B (recall that she prefers xjp̄ to xi). Thus, it must be that σB(s′) = i, and i clinches xi
at h∗B . If h∗B ⊊ h∗C , then by similar logic to the above, Condition (C) holds. If h∗C ⊊ h∗B , then
xk ∈C⊊s (h∗B) for the agent in role s. Notice that σB(s) ≠ k, because if so, then k has the same
roles in ΓB and ΓC , and so would clinch at h∗C ⊊ h∗B in ΓB , a contradiction. It is also immediate
that σB(s) ≠ j1, . . . , jP , since they must be in the lurker roles for their respective objects. Thus,
σB(s) = ` for some ` ≠ j1, . . . , jP , i, k, and Condition (B) holds.

Case 2: σA(s) = i. We once again have that role s′ is not the terminator role,39 and so, as in
Case 1, xk ∉C⊆s′(h∗A). Once again, consider game ΓC . As in Case 1, there are two subcases.

Subcase 2.1: The agent that clinches at h∗C in ΓC is some jp′ . Here, jp′ clinches a lurked
object at h∗C , and so h∗C is the terminating history. This implies that h∗A ⊆ h∗C , and σC(s) = jp′ .
But then, notice that the agent in role s′ is an active non-lurker at h∗C that does not move at h∗C ,
and xi ∈C⊊s′(h∗C). Since this agent is not coded in step 1, we know that σC(s′) ≠ j1, . . . , jP , k. If
σC(s′) = i, then i is offered to clinch xi at some h′ ⊊ h∗C , and since s′ is not the terminator role,
only unlurked objects are possible for her, and therefore, since xi is i’s top object, she would
clinch at h′, a contradiction. Thus, σC(s′) = ` for some ` ≠ j1, . . . , jP , i, k, and xi ∈ C⊊` (h∗C),
i.e., Condition (C) holds.

Subcase 2.2: The agent that clinches at h∗C in ΓC is k. Since k clinches first, and xk is
unlurked, all lurked objects are immediately assigned to their lurkers, which implies that jp is
in the lurker role for xjp for all p = 1, . . . ,P .

If h∗A ⊆ h∗C , then, at h∗C , there are two active non-lurkers, σC(s) and σC(s′), and both have
been offered xi. One of these must be k. If σC(s′) = k, then notice that σC(s) ≠ i, because
if σC(s) = i, then i is in the same role in ΓA and ΓC , and would clinch at h∗A in ΓC , which
contradicts that k clinches first in ΓC . Thus, σC(s) = ` ≠ i. If σC(s) = k, then if σC(s′) = i, then
i is in the non-terminator role, and xi ∈Ci(h̃) for some h̃ ⊊ h∗A ⊆ h∗C , and since xi is i’s favorite
unlurked object, she will clinch it at h̃, a contradiction. Therefore, in either case, there is some
agent ` ≠ j1, . . . , jP , i, k such that xi ∈C⊊` (h∗C), and Condition (C) holds.

It remains to consider h∗C ⊊ h∗A. Here, we must have σC(s) = k, because if σC(s′) = k, then
as we showed above, xk ∉C⊊s′(h∗A), which contradicts that k clinches at h∗C . Now, consider ΓB .
In ΓB , since there are exactly P + 1 agents coded in step 1, xi is the first (and only) unlurked
object that is clinched, and the agents coded in step 1 are j1, . . . , jP , i.

If h∗B ⊆ h∗C , then, h∗B ⊊ h∗A, and h∗B is not the terminating history. Thus, in ΓB , agent i must
move at h∗B and clinch xi. This implies that σB(s′) = i, because if σB(s) = i, then i has the
same role in ΓA and ΓB and clinches at both h∗B and h∗A, which contradicts that h∗B ⊊ h∗A.
Further, this means that h∗B ≠ h∗C , because role s moves at h∗C and role s′ moves at h∗B . Thus,
at h∗C in ΓC , we have xi ∈C⊊s′(h∗C). We cannot have σC(s′) = i, because i would clinch at h∗B
in ΓC , a contradiction. Therefore, σC(s′) = ` for some ` ≠ j1, . . . , jP , i, k and xi ∈C⊊` (h∗C), and
thus, Condition (C) holds.

If h∗C ⊊ h∗B , then if some jp′ clinches at h∗B in ΓB , then h∗B is the terminating history, and
h∗A ⊆ h∗B . But then, there is an active non-lurker—the agent σB(s′)—that has been offered to
clinch xi prior to h∗B , and so i would at best tie with this agent in »B , a contradiction. Thus, it
must be i that clinches at h∗B in ΓB , which implies that σ−1

B (i) = s or s′. If σ−1
B (i) = s, then i has

the same roles in ΓA and ΓB , and so h∗A = h∗B , and i would tie with the agent in role s′ in »B ,
a contradiction. Thus, σB(s′) = i. This means that h∗C and h∗B are controlled by different roles,
and xk ∈C⊊s (h∗B). Finally, we cannot have σB(s) = k, because then k is in the same role as ΓC ,
and would clinch at h∗C ⊊ h∗B in ΓB . So, we must have σB(s) = ` for some ` ≠ j1, . . . , jP , i, k,
and in ΓB , xk ∈C⊊` (h∗B). Therefore, Condition (B) holds.

39This follows from Lemma 15.
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Finally, notice that all of this was done under the assumption that xi was the first unlurked
object that was clinched in step 1 of the coding algorithm in ΓA. The other possibility is that
this object is xk. However, everything is symmetric, and so the exact same argument, swapping
the i and k, shows that either Condition (B) or Condition (C) must hold in this case as well. ∎
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