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Abstract

We study the problem of aggregating individual preferences over alternatives
into a collective ranking. A distinctive feature of our setting is that agents are
matched to alternatives. Applications include rankings of colleges or academic
journals. The foundation of our approach is that alternatives agents desire—
that is, those they rank above their match—should also be ranked higher so-
cially. We introduce axioms to formalize this idea and call rankings that satisfy
them desirable. We develop an algorithm to construct desirable rankings and
prove that, as the market becomes large, desirable rankings converge to the true
underlying ranking of the alternatives by quality. We support this convergence
result through simulations and demonstrate the practical usefulness of our ap-
proach by ranking Chilean medical programs with data from their centralized
admission system. Finally, we compare performance and show that our ap-
proach outperforms two benchmarks: revealed preference rankings and Borda

counts.
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1 Introduction

People often rely on external rankings of institutional quality to help guide decision-
making. Examples include a student choosing a college, a researcher choosing where
to submit an article, or a doctor choosing a medical residency program.

One standard approach to constructing a ranking is to use a formula based on indi-
cators of quality. An important example is the US News and World Report rankings
of United States colleges, which receive a great deal of media attention and have been
shown to influence the decisions of college applicants (Bowman and Bastedol [2009;
Griffith and Rask, 2007). While the precise formula behind this ranking is opaque,
the inputs include quality indicators such as the acceptance rate (the percentage of
applicants who are accepted) and the yield rate (the percentage of those admitted who
enroll). Similarly, researchers often consult journal rankings when choosing where to
submit their research. Journal rankings are usually based on acceptance rates or cita-
tions. In the National Resident Matching Program (NRMP), which uses a centralized
algorithm to match graduating medical students to hospital residency programs, an
informal metric often used by programs to judge quality is called the “rank-to-fill”
ratio: in other words, how far down the program’s submitted rank list did they have
to go to fill all of their residency slots]T]

Metrics such as those described above are susceptible to Goodhart’s Law: when a
measure becomes a target, it ceases to be a good measure. Indeed, there is evidence
that universities purposefully solicit applications from students they know will be
rejected to lower their admissions rates, as well as reject highly qualified applicants
that they fear may choose another school, so as not to harm their matriculation rates
(Toor, 2000} |Golden) [2001}; Belkin| 2019)). Similarly, a journal interested in improving
its journal impact factor has a strong incentive to manipulate its acceptance rate
and citation count, and there are well-known strategies for doing so (see, e.g., Martin
(2016)), |[Fong and Wilhite| (2017)), Chapman et al. (2019)), and loannidis and Thombs
(2019)). The “rank-to-fill” metric used by medical residencies creates incentives for

programs to violate NRMP rules and pressure candidates to reveal their rank-order

"'While this ratio is not an official ranking, many programs care about their rank-to-fill ratios.
For instance, [Jena et al.| (2012) write: “In our experience, programs that must move farther down
their rank list of applicants to fill their openings may be viewed as having an unsuccessful Match;
aggressive lobbying of applicants by programs may be a by-product of this motivation.” Wu et al.
(2015) echo a similar sentiment: “In a metric-driven world where program quality is gauged by
rank-to-fill performance (i.e., “how low did you go?”) the pressures are manifold.”



lists (ROLs) before the match day. The implicit “threat” is that if an applicant does
not commit to ranking the program highly, the program will demote the applicant in
their rankings (Shicca et al., [2012), and indeed, many medical students report that
pressure from residency programs altered their rankings (Jena et al., [2012).

Rather than relying on seemingly “objective” measures such as acceptance rates or
citation counts, an alternative approach is to aggregate agent preferences to produce
a social ranking. For instance, which colleges students have chosen in previous years
can be informative for the decisions of the current cohort. Information about the best
academic journals can be obtained from the order in which researchers submit to (and
are rejected from) them. The NRMP collects ROLs of medical students’ rankings of
residency programs, which can be used to construct a ranking of programs.

Of course, not all agents will agree on the answers to these questions. Their prefer-
ences will be influenced by common factors (e.g., quality, prestige) and idiosyncratic
factors (e.g., location, program fit), which can lead to conflicts in rankings between
individual agents. The question then is how to aggregate such diverse individual pref-
erences into an aggregate ranking. Many results in social choice theory (e.g., Arrow’s
Impossibility Theorem (Arrow [1950)), the Gibbard-Satterthwaite Theorem (Gibbard,
1973} Satterthwaite, |1975))) speak to the difficulty of such preference aggregation.

In this paper, we propose a new method of ranking alternatives. For concreteness,
throughout the paper, we refer to the agents as students and the alternatives to be
ranked as colleges. However, our method is general and can be applied to many other
settings in which agents have rankings over alternatives. Rather than reducing qual-
ity to a formula that assigns ad-hoc weights to various characteristics (e.g., admission
rates, citation counts), our goal instead is to use information contained in the stu-
dents’ preference rankings. We seek a method that uses only the individuals” ROLs
over colleges—a minimal data requirement—and produces an aggregate ranking that
reflects the common component of these preferences, filtering out the idiosyncratic
part.

In contrast with index measures, our approach does not impose any weights on
student or college characteristics, nor does it even need to make choices about what
characteristics to include: indeed, student preferences can be influenced by factors
that researchers do not easily observe. In contrast to the standard revealed preference-
based approach, which is data-intensive and requires carefully chosen utility specifi-

cations, the information needed for our ranking algorithm is parsimonious, requiring



only the ROLSE| Given these ROLs, our ranking algorithm is easy to implement and
has a simple, intuitive description that can be easily communicated to non-technical
policymakers interested in constructing a ranking.

A feature of our model that we will make use of is that in the markets we consider,
there is a matching 1 between students and colleges, where p(i) denotes the college
that student ¢ attends. Given this, we are motivated by the following intuitive idea:
if a student prefers a college ¢ to p(7), then this is evidence that ¢ is a better college
than (7)), and ¢ should also be ranked higher than p(i) in the aggregate ranking.ﬂ
A second feature that will allow us to attain positive results is that, even though
we assume the students have strict preferences, we will not seek a strict aggregate
ranking. Indeed, it is probably difficult to discern an exact, strict ranking among
colleges that are “close.” Instead, we define a ranking as a partition of the colleges
into tiers, with the interpretation that any two colleges in the same tier are “tied” in
the rank[4

We begin by providing an axiomatic formalization of our main idea; we call any
ranking that satisfies our axioms a desirable ranking. Next, we give a simple and
intuitive algorithm for constructing desirable rankings. We then show theoretically
that any desirable ranking is correct, in the sense that it converges to the true ranking
of colleges by quality as the market becomes large. We confirm this result using
simulations, which also allow us to explore how the relative weight students place on
common vs. idiosyncratic preferences affects the speed of convergence. Finally, we
use our method to rank medical schools in Chile. The remainder of the Introduction
gives a brief overview of each of these contributions and concludes by discussing some
additional results.

Axioms. Students may disagree over which college is the best. These disagree-

ments are due to idiosyncratic preferences (e.g., location, fit). Student preferences

ZAvery et al. (2013)) propose a revealed preference ranking of US colleges using survey data on
student preferences, their admission and matriculation choices, and detailed student and college
characteristics. In Section [7.I] we adapt their framework to our centralized matching data and
compare the resulting rankings with our rankings.

3This is similar in spirit to the “revealed preference” approach commonly employed (see footnote
, which infers that p(7) is better than any other college in 4’s choice set (i.e., any college she was
admitted to). The contrast is that we look “up” an agent’s preference list to identify schools that are
better than (i), whereas revealed preference looks “down” to identify schools that are worse than
1(2). We compare our results to revealed preference rankings in Section

4At the same time, a ranking is only useful if it provides sufficient distinction between colleges. We
show both theoretically and empirically that our ranking method produces meaningful separation.



are also influenced by factors common across students (e.g., educational quality, pres-
tige). Our goal is to “filter out” the idiosyncratic component of preferences and isolate
the common component.

The filter we use is Pareto improvement. Consider a matching u, which is the
outcome of some (unmodeled) admissions process. Because colleges have their own
selection criteria, there is no reason to expect p to be Pareto efficient (from the stu-
dent’s perspective): student ¢ may prefer p(j) and vice-versa, which happens when
they are each denied admission to the other’s college. The key to our approach is
to notice that such Pareto inefficiencies reflect underlying differences in idiosyncratic
preferences. Consider two students, ¢ and j, who have the same idiosyncratic prefer-
ence between two schools, A and B. As the common components of their preferences
for A and B are also the same (by definition), their overall preferences over A and B
will be the same. This means that there can be no Pareto inefficiency, no matter how
they are matched. In other words, if u is Pareto inefficient, then ¢ and j must have
opposing preferences for A and B, and one of these preferences is “reversed” (relative
to the common component) because of idiosyncratic preferences. As the goal of our
ranking is to uncover the common component of student preferences, it is more accu-
rate to first Pareto improve p to some Pareto efficient p*, and then rank relative to
1*. We call any such Pareto efficient, Pareto improvement of u a shadow matching.
Throughout the paper, we denote shadow matchings with stars.

Given a shadow matching p*, we say that a student desires a school c if she
prefers ¢ to her shadow matching *(i) | Our first axiom, the aziom of desire (AoD),
says that any college ¢ a student desires is ranked higher than p*(i). This is a
natural requirement. Once we have “filtered out” idiosyncratic preferences via Pareto
improvement, the desire that remains reflects common preferences. Therefore, if a
student desires a school ¢ (i.e., she prefers it to her shadow matching ;*(7)), then this
school has a higher common preference component, and so should be ranked higher
than p* (7).

Of course, some schools may be low quality and will not be desired by any student.
These schools should be ranked low; however, if no student desires a school, then AoD

has no bite. What is also needed is a type of converse of AoD that says a school is

5For any initial matching, there may be multiple ways to construct shadow matchings, but, in
practice, the precise choice of shadow matching has a negligible effect on our ranking; see Section
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ranked highly only if it is desired by a student at a lower-ranked college. This is
the content of our second axiom, which we call justification. Another way to state
justification is to say that, given some ranking with K tiers, if a highly ranked college ¢
is not desired by any lower-tier student, then ¢’s initial (high) ranking is not justified,
and should be lowered. In particular, any college that no student desires must be
ranked in the lowest tier K. To justify placing a college ¢ in tier K — 1, ¢ must be
desired by some student in tier K, and so on.

Ranking algorithm. We introduce an algorithm for producing rankings that
we call Iterated Removal of Underdemanded Schools (IRUS). IRUS is straightforward
and can be easily understood pictorially. Consider Figure [I| which depicts what we
call a desirability graph. Each node represents a school, and we draw a directed
arrow from one node to another if a student at the former school desires the latter.
We call the schools at the “bottom” of the graph (those with no incoming arrows)
underdemanded schools; in words, a school ¢ is underdemanded if all students weakly
prefer their shadow matching to c. As we show, for a Pareto efficient matching, the set
of underdemanded schools is always nonempty. Intuitively, these schools are the least
desirable and, thus, should be ranked at the bottom of the ranking. So, the algorithm
proceeds by identifying these schools and ranking them last. They are then removed,
and this process is repeated to get the next-lowest tier, and so on, until all schools
have been ranked ]

Our first main result, Theorem|I] shows that given a shadow matching p*, the IRUS
ranking satisfies the axiom of desire and justification, i.e., it is a desirable ranking.
Further, fixing a shadow matching, the IRUS ranking is the unique desirable ranking
relative to p*. When the initial matching pu is itself Pareto efficient, then p is its own
unique shadow matching, and the IRUS ranking is the unique desirable ranking.

Convergence. The IRUS algorithm takes a specific shadow matching as an input,
and thus, different shadow matchings may lead to different rankings. Our second main

contribution shows that these differences vanish as the market becomes large, and all

6In a previous version of this paper that was restricted to umit capacity for all schools, we
introduced an algorithm called Delayed Trading Cycles (DTC). DTC is similar in spirit to IRUS,
first calculating the top trading cycles using the algorithm of |[Shapley and Scarfl (1974), and then
ranking these cycles from the bottom up to produce a ranking. The DTC ranking also has interesting
connections to[Richter and Rubinstein| (2015]), who introduce a concept of ‘prestige’ rankings derived
from a definition of competitive equilibrium for abstract economies. Further details on DTC and
this connection with competitive equilibrium can be found in our companion paper |Aryal (r) al.
(2025)).



Figure 1: Graphical depiction of IRUS using a desirability graph
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(a) Initial desirability graph (b) Last-ranked schools  (c) 2nd-to-last-ranked schools

rankings converge to a single ranking; further, this convergence is correct in the
sense that it coincides with the true ranking of the colleges based on their underlying
quality. Specifically, we consider a model in which a student ¢’s utility for a college
¢ is a convex combination of a vertical component that we call ¢’s quality and that
is common across students, and an idiosyncratic component that is specific to ¢ and
c. Theorem [2| shows that as the market grows large, a college with a quality greater
than p% of all colleges is ranked arbitrarily close to the p* percentile. As part of
proving this result, we also show that in the limit, the size of any individual ranking
tier becomes small, as a percentage of the total market size (Theorem . Thus,
while we do allow for ties in rankings, desirable rankings are still able to distinguish
between colleges in different tiers meaningfully. We also verify this to be true using
simulations and in our empirical application. For the Chilean market, with 19-21
medical programs, our ranking produces a meaningful separation of these programs
into 12-15 different tiers (depending on the year), with the majority of tiers containing
a unique program.

Empirical application. We demonstrate the practical viability of our approach
through an empirical application to Chilean medical school admissions (2006-2009),
where our desirable ranking method requires data on only the observed initial match-
ing and students’” ROLs, a particularly parsimonious requirement given that Chilean
students submit incomplete lists, ranking on average only three medical programs.
Despite this data sparsity and relatively small sample sizes (1,168-1,620 students per
year), our IRUS algorithm produces remarkably stable rankings that exhibit strong

validity. For instance, the top-ranked medical programs (Catholic University and



University of Chile) maintain their first and second positions consistently across all
four years and align closely with contemporary national and international rankings.
This empirical success validates our approach in a real-world setting, demonstrating
that the desirable rankings capture genuine quality differences across medical pro-
grams using minimal data. The stability and accuracy of these rankings underscore
the robustness of our framework and its practical utility, particularly when traditional
quality metrics are unavailable or contested.

Although we focus on Chilean medical programs, our approach can be easily ap-
plied to other settings with centralized admission systems using ROLs and assignment
data. For decentralized markets such as US college admissions, ROLs are less readily
available. While this will make calculating our rankings more challenging in practice,
the method we introduce is still viable if data on agent preference rankings can be
obtained. For example, |Avery et al.| (2013]) surveyed students about their preference
ordering, application and admission lists, and matriculation decisions. Thus, our
ranking methodology is applicable across a variety of different institutional settings.

Additional results. To further assess the comparative advantages of desirable
rankings, we estimate two alternative rankings: revealed preference rankings and
Borda rankings. We estimate revealed preference rankings by utilizing stability as a
solution concept (see Gale and Shapley, [1962;|Abdulkadiroglu and Sonmez, [2003) and
exploiting additional data on student and college characteristics and the set of feasible
colleges (those with cutoffs that are lower than the student’s test score) that vary
across students to identify college quality (as college “fixed effects”), which determines
the rankings as in |Avery et al.| (2013)). We also determine the Borda rankings, which
aggregate students’ ROLs by awarding points based on ranking positions (Borda,
1781)).

These alternative approaches produce rankings that diverge substantially from our
desirable rankings and exhibit notable limitations. The revealed preference method
generates volatile year-to-year estimates despite using considerably more data (for in-
stance, Catholic University, which is generally regarded as the top program according
to external rankings and is consistently identified as such by desirable rankings, varies
across years between 4th and 20th place in the revealed preference rankings). The
Borda rankings, while more stable, still misjudge some key programs and are system-
atically biased towards programs with larger applicant pools, regardless of quality.

These comparisons highlight the better performance of our approach.



2 Definitions

There is a set of agents I = {iy,...,%,,} and a set of institutions to which they can
be assigned, C' = {¢i,...,¢,}. Throughout the paper, we refer to the agents I as
students and the institutions C' as colleges or schools for concreteness, though
there are many other potential applications. College ¢ has a capacity ¢. > 1. Each
student ¢ has a strict ordinal preference relation P; over the colleges, where we write
¢ P; ¢ to denote that c is strictly preferred to ¢ E] We write R; for the corresponding
weak preference relation, i.e., ¢ R; ¢ if either ¢ P; ¢ or ¢ = . Given some subset
C" C C of the colleges, we use the notation fav;(C") = maxp{c’ : ¢ € C'} to denote
1’s favorite school in C".

A matching p: TUC = I UC is a correspondence that satisfies: (i) u(:) € C,
(ii) p(c) C 1, (iii) 7 € p(c) if and only if p(i) = ¢, and (iv) |u(c)| < ge. In words, u(i)
is the college that student i is matched to, and u(c) is the set of students matched
to college c¢. Each college ¢ can be matched to no more students than its capacity
q.. With slight abuse of notation, given a subset of schools C' C C, we sometimes
write u(C") = {i € I : u(i) € C'} to denote the set of students who are matched
to some school in C’. For the purposes of constructing desirable rankings, we treat
1 as exogenously given. Therefore, for most of the paper, we do not need to make
any assumptions about how it is determined. For instance, p may arise from a
decentralized process, as in U.S. college admissions, a more structured process, such
as academic journal submissions, or a fully centralized process (as in our empirical
application). In Section , where we consider revealed preferences ranking as an
alternative, we must make additional assumptions on p, i.e., stability, to identify the
underlying preferences and with that the college qualities.

A matching v is a Pareto improvement of matching p if v(i) R; p(i) for all

"For most of the paper, we assume that P; is agent i’s true preference ranking. There is evidence
that individuals may not always submit truthful lists (Rees-Jones| [2018; |(Chen and Pereyray, 2019;
Larroucau and Rios|, 2020} [Hassidim et al.l [2021; [Shorrer and Sovagol [2023; [Artemov et al., 2017,
2023), or may not even know their full preferences (Grenet et al., [2022). For example, |[Dwenger
et al.[(2018) observe that a nontrivial number of students to German universities submit inconsistent
preference lists. Inaccurate or partial preference lists could lead to errors in our rankings. However,
our rankings are robust to some of the most common reasons for partial preferences, such as students
submitting short lists because they do not apply to schools they think are unattainable for them, or
students who choose to learn their preferences about only a smaller set of ‘target’ schools. Indeed,
in the data on Chilean medical programs, students rank an average of only four programs (out of
approximately 20), but our rankings still perform well. See Section @ for more details.



and v(i) P; u(7) for some 4. If there is no v that is a Pareto improvement of i, then
1 is said to be Pareto efficient. Note that we define Pareto efficiency with respect
to student preferences only; this is consistent with our objective to provide a ranking
of colleges based on student preferences

A ranking of the colleges is a weak ordering on the set C', denoted >, where a > b
means that a is ranked (weakly) higher than b. If @ &> b but b ¥ a, then we write
a>b. We allow for ties in rankings, and write a ~ b when a > b and b > a.

A ranking > can be equivalently written as an ordered partition of the colleges,
= ={II7,105,..., 0%},

where IIT is the set of colleges that are ranked the highest, II5 is the set of colleges
that are ranked higher than all others except those in IIT, etc. We refer to the
colleges in HE as the tier-k colleges, and the students assigned to these colleges,
() = {i : p(i) € TI;}, as the tier-k students. Define the function 7: TUC — N
such that 7(x) = k, where k is the tier to which agent = belongs. We will use the

letter capital K to denote the lowest tier.

3 Axioms

Our objective is the following: given each student’s ordinal ranking of the colleges—
which is a combination of common and idiosyncratic preferences—construct an aggre-
gate ranking that reflects the common component. Thus, we would like to “filter out”
idiosyncratic differences between student preferences before constructing the ranking.

For illustration, consider the following stylized example: There are T quality levels,
where y(c) € {1,...,T} denotes the quality of college c. For any two colleges ¢, c € C,
if v(¢') > 7(c), then ¢ P; ¢ for all i, while if v(¢) > (), then ¢ P; ¢ for all 7. If
v(c') = v(c), then, each student i prefers ¢ P; ¢ with probability 1/2 and prefers
¢ P; ¢ with probability 1/2. That is, all students prefer higher-quality schools to
lower-quality ones, but among schools with the same quality, preferences are drawn
randomly. In this example, the quality levels represent the common component of

preferences, while the randomness within a quality level represents the idiosyncratic

8While we focus on ranking the colleges using the student preferences, given the colleges’ rankings
of the students, it would also be possible to provide a ranking of the students using the same algorithm
Wwe propose.



component. As we want our ranking to reflect the common component, it is clear
that the correct ranking > ranks colleges by quality: ¢ &> ¢ if and only if y(¢') > v(¢)
(and so also ¢ > ¢ if and only if v(¢) > 7v(c¢)). Using our tier notation, the correct
ranking is such that the ranking tiers are equivalent to the quality levels: Iy = {c €
C:y(c)=t}fort=1,...,T.

Consider a matching g in this model. The matching p is the outcome of some
(unmodeled) admissions process. Because colleges have their own selection criteria
in this process, there is no reason to expect p to be Pareto-efficient (recall that we
define Pareto efficiency from the student’s perspective): two students i and j may
want to trade. This happens when p(i) and p(j) are in the same quality level,
but ¢ has a higher idiosyncratic (within-quality-level) draw for p(j) than j but was
denied admission to p(j), and vice-versa. In this case, we would have p(j) P; pu(i)
and p(i) P; pu(j), and if we were to attempt to construct an aggregate ranking that
respected both of these preferences, we run into a contradiction. Notice, though,
that this contradiction occurs because p is Pareto inefficient, and further, this Pareto
inefficiency can be attributed to the idiosyncratic preferences. Indeed, any Pareto
improving trades must involve colleges within the same quality level, and not across
them. So, rather than ranking with respect to u, it is more accurate to first Pareto-
improve p to some Pareto efficient matching p*, and then require that if a student
prefers ¢ to p*(i), the aggregate ranking should also rank ¢ p*(7). Notice that this
will recover the correct ranking: ¢ ¢ if and only if v(¢’) > v(c).

Indeed, this insight holds more generally. We will build a formal model later in the
paper to make this precise. However, for now, the important takeaway is this: any
Pareto inefficiencies that exist at the initial matching p reflect underlying differences
in idiosyncratic preferences. However, we want our ranking to reflect the common
component of student preferences, and not the idiosyncratic component. Pareto-
improving upon g allows us to filter out the idiosyncratic component of student

preferences. We call these Pareto improvements shadow matchings.

Definition 1. Fix an initial matching pu. A matching p* is said to be a shadow
matching (of i) if p* is Pareto efficient and p*(i) R; p(i) for alli € 1.

In words, a shadow matching p* is a Pareto efficient, Pareto improvement of the

original matching pf| Note that if y is Pareto efficient, u is also its own shadow

YWhy do we call this a shadow matching? While students cannot trade admissions to a college,
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matching, and it is the unique shadow matching. When x is not Pareto efficient, there
may be multiple shadow matchings; however, we will show later that this multiplicity

issue is not a significant concern for producing good rankings.

Definition 2. Let p be an initial matching and p* be a shadow matching of . We

say that student i desires a school ¢ if ¢ P; p*(i). Student i weakly desires a school
cif ¢ Ry u* (7).

Desire is a strengthening of simple preference: to desire a school ¢, student ¢ must
prefer ¢ not only to p(i), but also to the Pareto improvement p*(i). Ranking colleges

according to desire is the basis of our approach.

Axiom 1 (Axiom of Desire). A ranking > satisfies the axiom of desire (AoD) if
there exists a shadow matching p* such that for every ¢ € I and every ¢ € C that i

desires, we have ¢ p* (7).

We can exhibit the axiom of desire and the role of shadow matchings by returning
to our stylized preference example. Consider a case involving four students, i1, . . ., 14,
and four colleges. Colleges Hy and Hs are high quality, and colleges Ly and Ly are
low quality. All students prefer any high-quality college to any low-quality college.
Within a quality tier, students have opposing idiosyncratic preferences. This is shown

in the preference table in Figure [2]

Figure 2: Example of students’ preference rankings

i | e | iz | da
H: | H | H | Hy

]| (/)| |

Ly Ly Ly 5
L | 1

Note: Each column indicates the preference ranking of a student. The boxes denote the initial matching u, and the
stars are the shadow matching p*.

if such a (frictionless) “shadow economy” were to exist, we would expect the students to make
Pareto-improving trades until they were exhausted. The result would be a Pareto efficient, Pareto
improvement of p: the shadow matching p*. However, one should not think of these trades as
actually being implemented; the shadow matching “thought experiment” is simply a tool that we
use to produce rankings.
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The correct ranking in this case is
{Hl, HQ} > {Ll, LQ}

The boxes indicate the matching p of students to colleges. Notice that p is Pareto-
inefficient: for instance, students 1 and 2 would like to trade their assignments because
they have opposing idiosyncratic preference draws for high-quality colleges. The
matching ;* indicated by the stars is a shadow matching of p. Following the discussion
above, our approach is to first Pareto-improve the initial p to p* to filter out the
idiosyncratic preference draws, and then search for a ranking that satisfies AoD with
respect to p*. The ranking indicated above satisfies the axiom of desire relative to p*:
students 3 and 4 both desire H; and Hs,, and indeed, these colleges are ranked higher
than their respective shadow matchings (students 1 and 2 do not desire anything
relative to their shadow matchings, and so the axiom of desire is satisfied trivially).

Our second axiom is a type of converse of AoD. Consider a student ¢ who receives an
offer from her top-ranked school c¢. It may be that ¢ is a very good student attending
a very good school; alternatively, it may be that ¢ prefers a less good school simply
because she has idiosyncratic preferences, and no other students are interested in it
(e.g., perhaps c is close to i’s home). In the former case, the axiom of desire applies,
and ¢ will be ranked highly. However, in the latter case, AoD places no restrictions
on where ¢ should be ranked, simply because it is a lower-quality school, and so no
student desires it.

This is highlighted in Figure[3] Students 1, 2, and 3 have the same preferences, and
all rank D last. Student 4, on the other hand, has idiosyncratic preferences that rank
D first. The indicated matching is Pareto efficient, and thus is the unique shadow

matching. Consider the ranking
{A, D} > {B} > {C}

This ranking satisfies AoD: notice that school D is ranked (weakly) below the shadow
matching of every student, so nobody desires it. This means that AoD has no bite:
D can be ranked in any tier without violating it. However, it seems clear here that
student 4 most likely has idiosyncratic preferences, and the right ranking for school
D is last.

AoD says that if a school is desired by a student, it should be ranked in a higher

12



Figure 3: Illustration of the justification axiom
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tier. We also need the converse: a school should be ranked in a higher tier only if it
is desired by a student from a lower tier. Another way to say this is, if a college is
not desired by a student from a lower tier, then its ranking should be lowered; that

is, the initial (high) ranking was not justified. The next axiom formalizes this idea.

Axiom 2 (Justification). A ranking I is justified if there exists a shadow matching
w* such that for every tier £ < K and every college c; € H,%, there exists a sequence
of colleges ¢ := c>cpy1 > >ck and a sequence of students ixy1,...,7ix such that

¢; €115, p*(i;) = ¢; and student i; desires ¢;_y for all j =k +1,..., K.

Justification implies that a college that no student desires must be ranked in the
bottom tier K. Schools in tier K — 1 must be desired by some student in tier K,
schools in tier K — 2 must be desired by some student in tier X — 1, and so on. In
general, for a school in tier k, we must be able to find a chain of students in tiers
k+1,..., K such that each student desires the school one tier above their own.

Returning to the Figure 3| and the ranking {A, D} > {B} > {C}, school A’s
ranking is justified, as A> B > C, student 2 desires A, and student 3 desires B.
However, school D’s ranking is not justified: the only possible sequence is D> B C,
but student 2 does not desire D. Therefore, &> is not justified. Indeed, in this example,
no student desires school D, and so any justified ranking must place school D in the
bottom tier.

We call any ranking that satisfies the above two axioms a desirable ranking.

Definition 3 (Desirable rankings). A ranking > is desirable if there exists a shadow
matching p* such that > satisfies the axiom of desire and is justified with respect to

*

wr.
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4 Computing Desirable Rankings

In this section, we present our main algorithm for computing desirable rankings, called
Iterated Removal of Underdemanded Schools (IRUS). The algorithm is straightforward
and works from the bottom up. We begin by identifying a set of schools that are
underdemanded, in the sense that no student prefers these schools to their shadow
matching. Intuitively, these are the schools that have low desirability and thus should
be ranked at the bottom of the ranking. After identifying these schools, we remove
them and rank them last. We are then left with a smaller subset of schools and
students, which has a new underdemanded set. We identify this set, rank them
second-to-last, and remove them. We repeat this process until all schools have been

ranked.
Definition 4. School ¢ is underdemanded at matching u if p(i) R; ¢ for alli € I.

In words, a school ¢ is underdemanded at a matching p if all students weakly prefer
their assignment 1(7) to c. Though simple, we emphasize the following point, as it is

fundamental to our algorithm.

Lemma 1. If a matching p s Pareto efficient, then the set of underdemanded schools

18 nonempty.

To see this, suppose the set of underdemanded colleges is empty. Select some
college ¢;. Since ¢y is not underdemanded, there must exist a student i; such that
c1 Py, p(iy). Set co = u(iy) and continue: iy is a student who prefers ¢y to u(is), set
c3 = u(i2), and so on. This process must cycle, and this cycle is a Pareto improvement.

We are now ready to formally introduce the IRUS algorithm.
Iterated Removal of Underdemanded Schools (IRUS)

Let p* be a shadow matching of .

e Step ¢ = 1: Find the set of underdemanded schools relative to p*. Denote this
set O,

e Step £: Remove the schools C*~! and the students matched to them, p*(C*1). If
no students and schools remain, stop. Otherwise, find the set of underdemanded

schools relative to p* on the remaining students and schools. Denote this set
Ct.
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Let C',...,C* be the resulting partition of the colleges. The output of the above
algorithm is an IRUS ranking of the colleges, >7#VS  defined as follows: for any
two colleges a,b € C, where a € C* and b € CY, a >#US b if and only if ¢ > ¢'. The

tier-k colleges are ITJEUS = CL=k+L,

Desirability graphs

The IRUS algorithm is perhaps easiest to understand pictorially, by drawing what
we call a desirability graph, as in Figure {4] (desirability graphs were also discussed in
Figure [1] in the Introduction; we reproduce the figure here for ease of reference). We
fix a shadow matching p* and define a graph where each node represents a college
and there is a directed edge from college ¢ to ¢ if a student in p*(c) desires college
d H Since the shadow matching is Pareto efficient, this graph is acyclic: if there were

a cycle, implementing the indicated trades would be a Pareto improvement.

Figure 4: Graphical depiction of IRUS using a desirability graph

(a) Initial desirability graph (b) Last-ranked schools  (c) 2nd-to-last-ranked schools

> © ‘

Suppose that drawing the aforementioned arrows on some market results in the
desirability graph depicted in Figure [fa] The underdemanded schools are those with
no incoming arrows, i.e., those at the “bottom” of the graph. This is indicated by the
large red stars in Figure [dbl IRUS begins by ranking these schools last and removing
them. This leaves the desirability subgraph depicted in Figure with a new set of

0Note that we draw an edge if there is at least one student in p*(c) who desires ¢/. This is an
important distinction between our approach and alternative “cardinal” methods, which might count
the number of agents who prefer one school to another, or Borda rankings, which award points
depending on how high each school is ranked on an agent’s list. Indeed, we believe this feature is
one of the reasons to prefer desirable rankings. We discuss this more in Section [7] where we compare
desirable rankings to Borda rankings.
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underdemanded schools, again indicated by large red stars. These schools are ranked
one step above the schools from the prior step, and are removed. This process is

repeated until all schools have been ranked.

Example 1. We provide a small example to show how the algorithm works. There
are six students I = {iy, ia, i3, 14, 15, 16 } and six colleges C' = {A, B,C, D, E, F'}. Each
college ¢ has a capacity of q. = 1. Figure [bal shows the student preferences, and the

boxes indicate the initial matching pu.

Figure 5: Example of the IRUS algorithm

(a) Step 1 (entire market) (b) Step 2 (c) Step 3
P|P| P |P| P P P, | Py | P, P,
C A* | B B | A* | B* B*
A

A | C|C

SRR

5O Ql

mHT QW

SES[SIESE-IES

E*
D]
B
F
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The initial matching p is denoted by the boxes. We compute the IRUS ranking
with respect to the shadow matching p* indicated by the stars in the table. Starting
with the entire market in Figure [pal notice that p*(¢) R; D for all ¢ € I, and so
D is underdemaned; the same is true for schools £ and F. For school A, we have
A Py p*(i1) = D, and so A is not underdemanded, nor are schools B and C. Thus,
the initial set of underdemanded schools is {D, E, F'}, and so we rank these schools
last and remove them.

Figure[5b|shows the submarket after these schools and their students were removed.
On this remaining submarket, schools A and C' are underdemanded: p*(i) R; A and
w (i) R; C for i = i3, i4,15. But, for school B, we have B P3 1*(i3), and so B is not
underdemanded. So, the underdemanded schools are A and C', but not B. Thus, we
rank {A, C'} one tier ahead of {D, E, F'}. Finally, after removing these schools, the
only school left is B. The final IRUS ranking is

>!RUS: B}y {A,C}> {D,E, F}.
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Notice that this ranking satisfies AoD and justification. For AoD, consider student i,
as an example. Student 7; desires A and B, and these are both indeed ranked higher
than p*(i1) = D. The same holds for all other students and all schools they desire as
well. For justification, student p*(D) = iy desires both A and C, and so it is justified
to rank A and C one tier higher than D. Similarly, student p*(C') = i3 desires B,
and so it is justified to rank B higher than C'. Thus, the IRUS ranking is desirable.
In general, any IRUS ranking is desirable. We state this formally as the theorem

below.

Theorem 1. Any IRUS ranking is a desirable ranking of the colleges. Further, for
any shadow matching 1*, the ranking produced by the IRUS algorithm with input p*

15 the unique desirable ranking with respect to p*.

The proof of this theorem is in the appendix, but the intuition can be seen very
clearly using the desirability graph in Figure [l In Figure [Ab] the large red stars are
the bottom tier of the IRUS ranking. When these schools are removed, their students
are still pointing “up” at the schools they desire. Therefore, schools that they desire
have not yet been ranked, and so any desired school is ranked higher, which is the
axiom of desire. For justification, the last-ranked schools do not need to be justified,
as they are already at the bottom. Consider now the schools at the bottom in the
next step (Figure . Take any such school ¢. Since ¢ was not removed in the first
step, it was not underdemanded. This means that in step 1, there must have been
some student i such that ¢ P; p*(i). As ¢ is underdemanded in step 2, p*(7) must
have been removed in step 1, i.e., p*(7) is ranked last. Thus, it is justified to rank c
higher than the schools removed in step 1. Repeating this argument shows that the
IRUS ranking as a whole is desirable.

Note that when there are multiple possible shadow matchings, there may be dif-
ferent IRUS rankings, depending on which shadow matching is chosen. In the next
section, we show that all of these rankings converge as the market grows large. How-
ever, there is a special case where there will be a unique desirable ranking, even in

small markets: when the initial matching p itself is Pareto efficient.

Corollary 1. If the initial matching p is Pareto efficient, then there is a unique

desirable ranking of the colleges, and it is the ranking produced by the IRUS algorithm.

When the initial matching u is Pareto efficient, then p is its own shadow matching,

and further, it is the unique shadow matching. The result above is then an immediate
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corollary of Theorem [1} This leaves open the question of what to do when there are
multiple shadow matchings, and how to “choose” the one to use to calculate the IRUS

ranking. We turn to this issue in the next section.

5 Convergence

When the initial matching is Pareto efficient, there is a unique desirable ranking.
When this is not the case, there could be multiple shadow matchings, which raises
the question of how to choose the shadow matching to use when running the IRUS
algorithm. While different choices may lead to slightly different final rankings, we
show in this section that the precise choice does not have a significant impact, as
these differences disappear in large markets. Formally, we show that as the market
grows large, all IRUS rankings converge to the same ranking, no matter the choice
of shadow matching. Furthermore, we demonstrate that this convergence is to the
correct ranking of colleges based on their underlying quality. After showing this result,
we provide simulation evidence that allows us to explore the speed of convergence for

various parameterizations.

5.1 Desirable Rankings Are Correct

In this section, we show that as the market grows large, any desirable ranking coincides
with the true underlying quality rankings of colleges. To make this point formally,
we must first expand our model to define what is meant by a college’s underlying
‘quality’.

Specifically, let each student i’s preferences over colleges be determined according

to the following utility function:
Ui,c - aec + (1 - a)ni,c- (1)

Ui is student ¢’s utility for attending college c. The random variable 0, represents the
intrinsic quality of college c¢. This component of the utility function is the same for
all students; thus, 6. induces vertical preferences over colleges. The random variable
i 1s the idiosyncratic utility specific to student 7 if she attends college ¢, and thus
corresponds to horizontal preferences (e.g., geographic preferences). We assume that

all of the random variables are drawn independently from the uniform distribution
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on [0,1]. The uniform distribution is not critical to our results, which continue to
hold under general distribution functions (see footnote [L1)). The number o € (0,1)
represents the weight students assign to college quality relative to the idiosyncratic
component. For a student with utility function U; . we define ordinal preferences in
the standard way: ¢ P, ¢ if U;. > U;» and ¢ R; ¢/ if U; . > Ui,c’H

A correct ranking of colleges should reflect the common quality component, rather
than idiosyncratic preferences. That is, we say a ranking is correct if ¢ > ¢ if
and only if 6. > 6.. Since the random variables 6. are uniform|0,1], as the market
grows large, a correct ranking will rank a college with quality 6. above approximately
(100 x 6.)% of the other college. Formally, given a ranking of the colleges >, we can

define the induced percentile ranking,

_ |[{d €eClev '}

n

p(c) :

where p(c) is the percentage of colleges that college ¢ is ranked strictly ahead of.
Then, a college with quality 6. should have a percentile ranking p(c) ~ 6..

Of course, it is easy to construct examples of realized random variables where any
desirable ranking will not reflect the underlying college qualities. This will occur
when idiosyncratic utilities have outsize influence relative to the college qualities (we
explore this in our simulations below, where we find that convergence is slower when
a, the weight on the common component, is smaller). Indeed, this can happen with
any ranking system, not just desirable rankings. However, if the market is large, then
these events should be relatively rare, and a good ranking method should be able to

uncover the underlying college qualities with high probability.

" The IRUS algorithm yields a ranking, and our convergence result provides sufficient conditions
under which it converges to the true ranking. In other words, these conditions are model restrictions
that help identify the true ranking. We choose the utility specification in and assume 7 is
a Uniform random variable for tractability. More generally, we can consider any utility function
Uic = U(0c,m;,) and transform the distribution of 7; . to Uniform via an appropriate monotonic
transformation (Lee, 2016)). In practice, there may be observable characteristics of students and
colleges that affect preferences and could induce correlation in preferences across students if ignored.
For example, students may prefer colleges in their home state, or certain demographic groups may
systematically favor particular types of institutions. Our convergence results extend to accommodate
such observed heterogeneity by considering U; . = 0. + X, 6 + ;. ., where X,!.§ captures utility from
observed characteristics X;. (such as college type, state of residence) and 7; . represents idiosyncratic
preferences. Our convergence result continues to hold so long as the number of types is fixed while the
number of students and colleges of each type grows large, and the remaining idiosyncratic preferences
7M,c are independent across students.
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Formally, we study the properties of desirable rankings in a sequence of random

markets

(Cma qn’ Imna Umn7 :un)zo:l
where C™ = {¢1,...,¢,} is a set of n colleges, q" = (q1,...,q,) a vector of college
capacities, I™" = {i1,...,im, } a set of m,, students, U™ a vector of student utilities

drawn according to equation ((1)), and g™ an initial matching between the students
and colleges. For simplicity, we assume that in each market n, 2?:1 q; = mnm For
each market instance n, >" denotes a ranking of the colleges. To simplify notation,
we omit the index n when no confusion arises.

Given > and a number € > 0, let
CPle)={ceC:0.—ec<plc) < 0.+ e}

We think of 6. as college ¢’s true or “target” ranking, and the set C”(¢) then is the
set of colleges whose calculated rankings are within e of their target. If ¢ € C?(e),
then we say that college ¢’s ranking is e-correct. Our first main result says that if >
satisfies the axiom of desire, then for any € > 0, as the market grows large, all college

rankings are e-correct.

Theorem 2 (Correct Rankings). For each market n, let = be a ranking that satisfies
the axiom of desire, and p(-) the induced percentile ranking. Then, for any € > 0, as

n grows large, all college rankings are e-correct. Formally:

i £ (1) -1

n—00 n

Notice that the only assumption needed for Theorem[2]is the axiom of desire. While
justification is not needed for the convergence result, we still view it as an important
property for constructing rankings in finite markets. Additionally, Theorem [2| applies
for any ranking that satisfies AoD, i.e., it applies no matter which shadow matching

is chosen. Since any IRUS ranking satisfies AoD, we have the following corollary.

Corollary 2. For any € > 0, as n grows large, under any IRUS ranking, the ranking

of all colleges is e-correct.

120Qur results continue to hold whether there is an oversupply and undersupply of college seats.
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Overview of the proofs

The full proof of Theorem [2]is in the appendix. Here, we provide an overview of the
argument, focusing on the case where q. = 1 for all ¢ € C to exhibit the intuition
more easily.

A key first step in proving Theorem [2 is to show that for any desirable ranking,
the ranking tiers become small in the limit. We state this result as a theorem because
it is also important in its own right, as it allays a potential concern with desirable
rankings. The concern is that because we allow for ties, a desirable ranking may
not meaningfully distinguish the colleges. Theorem [3] says that as the market grows
large, the size of all ranking tiers, as a percentage of the market size, approaches
zero. In other words, desirable rankings do distinguish colleges into different tiers
meaningfully. Later, we validate this result both using simulations and in our em-
pirical application, where we show meaningful separation of 19-21 Chilean medical
programs into 12-15 different tiers (depending on the year), with the majority of tiers

containing a unique program. Formally, we have the following result:

Theorem 3 (Small tiers). Let > be a ranking that satisfies the aziom of desire. Then,
I o »
mkaxa\ﬂﬂ — 0 as n — oo.

An important corollary of Theorem [3] that we will use in the proof of Theorem [2]
is that, if all rankings tiers are small, then the percentage of colleges ranked above

(resp. below) any given 6 € [0, 1] converges to 1 — @ (resp. 9)[]

Corollary 3. Fiz 6 € [0,1], and define D(A) = {c € C|p(c) > 0} and D'(0) = {c €
Clp(c) < 6}. Then,

-1—6 and

Theorems 2| and [3| give support for desirable rankings, as they will meaningfully
differentiate among the colleges and, with high probability, will uncover the true

ranking in the limit.

13That |D(6)|/n < 1 — 6 follows from the definition of p(-). The other direction is not immediate,
i.e., it may be that |D(0 9)|/n > 1 — 6. The corollary uses Theorem [3| to show that if rankings tiers
are small, then |D(0)|/n becomes arbitrarily close to 1 — 6 as n grows large.
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The proofs of both Theorems [2| and [3| are inspired by an innovative technique of
Lee (2016). He uses a result from [Dawande et al.| (2001) on the size of bicliques in
random bipartite graphs to analyze incentives in stable matching mechanisms. We
use a similar technique to analyze desirable rankings[l] We first recall some basic
concepts from random graph theory.

A graph is a pair G = (V, E), where V is a set of nodes and F a set of edges.
Each edge e € F is an unordered pair e = (i, j) or (j,7) for 4,5 € V. A graph G is
bipartite if V' can be partitioned as V = V; U V5, where each edge has one node in
V1 and one node in Vs; for our purposes, V7 C I will be a subset of the students and
V5 C C a subset of the colleges.

Definition 5. Given a set of nodes V.= Vi UV, and a number p € (0,1), a ran-
dom bipartite graph is a graph such that each edge (i,c¢) € Vi x Vy is included
independently with probability p. We use GP to denote a random bipartite graph.

A biclique of a random graph is a complete connected subgraph. That is, a bi-
clique is a set of nodes U; U U, such that Uy C V4, Uy C Vs, and for all i € U; and
j € Usy, we have (i,j) € E. A biclique has size a X b if there are a nodes in U; and
b nodes in U,, and is said to be a balanced biclique if a = b. We make use of the
following result from random graph theory, which says that as n grows large, the size

of the maximal balanced biclique in a random graph remains small.

Theorem (Dawande et al.| (2001)). Consider a random bipartite graph GP, where
V = ViUV, is a partitioned set of nodes, p € (0,1) is a constant, |Vi| = |Va| = n, and
Bn = 2log(n)/log(1/p). If a mazimal balanced biclique of this graph has size B x B,
then

Pr(8,/2 < B<p,) —1asn— oco.

We first discuss how we prove Theorem [3] as it serves as a stepping stone to proving
Theorem [2] The overall strategy is to show that if there is a “large” tier, then there
is also a “large” balanced biclique in an associated random graph. By the theorem
of Dawande et al.| (2001)), the probability of a large balanced biclique vanishes as n

grows large, and thus so also must the probability of a large tier.

4For another application of Lee’s technique to interviews in the NRMP medical residency market,
see [Echenique et al.| (2022)).
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Figure 6: Schematic of a random graph

Note: The dashed lines represent the shadow matching p*, while the solid lines are the bipartite graph GP, where
student 4 and college c¢ are connected if ;. < p=1— A. The set U U H is a biclique, and the size of the maximum
balanced biclique is min{|U|, |H|} = 2.

For simplicity, consider the case that ¢. = 1 for all cand U, . = 06+ni7c.|ﬂ Let > be
a desirable ranking with shadow matching p* (a Pareto-efficient, Pareto improvement
of ), and consider a tier of colleges II.. Let I, = {i € I : pu*(i) € I} be the
corresponding students assigned to these colleges at u*. We take the colleges in HE
and divide them into three intervals (Low, Medium, and High) based on their common

values (see Figure [6)):
L={cell;:0.,<a} M={cell; :a<§.<b} H={cell :0,> b},

where 0 < a < b < 1. By the axiom of desire, yu*(i) = fav;(I;) for all i € Iy, i.e., each
student’s most-preferred tier-k college is her shadow matching. We then consider a set
of students U := {i € I}, : ,-(;; € L}. These students are “unusual”, in the sense that
their most-preferred tier-k college is one with a relatively low common value. Letting
A = b—a, draw an edge between a student i and a college c if i’s idiosyncratic utility
for c is low:

Nic <1-—A.

Note that because the n’s are iid, this draws an edge between each student ¢ and
college ¢ independently with probability p =1 — A, and so this fits into the random
bipartite graph model.

15This can be achieved by setting o = 1/2 and then rescaling the utility function; in the proof in
the Appendix we allow for arbitrary college capacities and arbitrary «.
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Next, notice that U U H is a biclique in this random graph. To see why, take some
1 € U and ¢ € H, and note that

Oue iy + 1 2 Opeiy + Nipr5) > e + Nies

where the first inequality follows because 1 > 7; ,+(; and the second follows because
w*(i) is i’s most-preferred tier-k college. The first and last inequalities can be rear-
ranged to

1— (0. — ‘gu*(i)> > Mi (i)

As 0. > b (because c € H) and 0,+;y < a (because p*(i) € L), we have A < 0, — 0,4,
and so

1—-A> i = (3) 5

which is precisely our condition for an edge above. Thus, there is an edge between
every student in U and every college in H, i.e., UUH form a biclique. This means there
is a balanced biclique of size at least B = min{|U|,|H|}[®] Further, we have |U| = |L|
(by the definition of U), and so there is a balanced biclique of size B = min{|L|, |H|}.
The remainder of the proof shows that because the college qualities are drawn iid
uniform(0, 1), as the market grows large, with high probability, we can always find
some interval [a, b] such that at least 1/4 of the colleges have common value less than
a, and at least 1/4 of the colleges have common values above b. This implies that B
is large (on the order of n), in violation of Dawande et al.| (2001)), which says that the
size of the maximum balanced biclique grows only on the order of log(n).

After showing Theorem [3| and its corollary, Corollary [3| we use them together with
the random graph result again to prove Theorem [2| as follows. For any 6 € [0, 1] and

e > 0, define two sets of colleges:
L={ceClf.>0and p(c) <O—¢c} and W ={ceCl. <6 and p(c) > 0 —e},

where 0 — e < 0" < 0. In words, L is a set of colleges that “lose” in the ranking in
the sense that they are at least € below their target, and W is a set of colleges that
are “wrongly ranked” in the sense that their quality is (relatively) low, but they are

ranked above any college in L.

16Technically, the balanced biclicque has size B x B; for simplicity, we slightly abuse notation and
refer to B as the size of the biclique.
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The goal is to show that |L|/n 5 0. We once again define a set of students,
U={iel:u(i)eW}

who are “unusual”; in the sense that their shadow matchings are relatively overranked.

We construct another bipartite graph, connecting a student ¢ and a college c¢ if
Nie < 1— (9 — 9/)

By AoD, for any i € U and ¢ € L, we have p*(i) P; ¢, which can be used to show that
Nie < 1—(0—4§"). This is precisely the condition for an edge in our graph, and so the

set LU U forms a biclique. Because |U| = |W|, there is a balanced biclique of size
L
min{u,@} 50, (2)
n’ n

where the “5” follows from Dawande et al| (2001). The last step is to show that
W|/n & w for some w > 0. Define A = {¢ € C|p(c) > # —€}. By Corollary
to Theorem , |A|l/n 2 1 — (0 — ¢). Finally, because § — ¢ < ¢, a non-vanishing
proportion of the colleges in A must have qualities 6. less than ¢, which is the set
W. Thus, |W|/n % w > 0, which, combined with (2)) implies that |L|/n 2 0

The above is an outline of how we show that the proportion of colleges with ranking
p(c) more than e below their target becomes vanishingly small as n increases. We also
must show that the proportion of colleges whose ranking p(c) is more than e above
their target becomes vanishingly small as well. The argument proceeds similarly, and

the details can be found in the full proof of Theorem [2| in the appendix.

5.2 Simulations

Having established that the desirable ranking converges to the true quality order-
ing, we now use simulations to evaluate the performance and convergence prop-
erties of desirable rankings. Following the theoretical framework, we begin with

the utility function in Equation , and systematically vary the market size n €

1"Because the 6.’s are uniformly distributed, as n grows large, the proportion of colleges with
0. > 0’ approaches 1 — #'. Because 1 — ' < 1— (0 —¢) and |A|/n 51— (§ — ¢), intuitively, in order
to “fill” the set A, it must include some nontrivial proportion of colleges with qualities less than 6'.
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{10, 50, 100, 200, 500} and the relative importance of objective quality versus individ-
ual taste through the parameter a € {0.01,0.2,0.6,0.9}.

We set each market to have n/2 colleges, each with two seats, and ensure that
every student receives an assignment. Smaller values of « indicate that students rely
more heavily on idiosyncratic preferences, making the recovery of the true rankings
more challenging and representing a more demanding test of our algorithm.

For each combination of n and «, our simulation procedure follows four steps: (i)
generate college qualities . and student idiosyncratic preferences 7;. as independent
uniform random variables; (ii) use the random assignment to determine the initial
matching y; (iii) create 100 shadow matchings p* and implement our IRUS algorithm
for each; and (iv) compute percentile rankings p for each parameter combination and
shadow matching.[:g] We simulate these steps 1,000 times to generate our sample.

Figure[7] visualizes the performance of desirable rankings across different parameter
specifications. We present results for one randomly selected (93rd) shadow matching,
with the remaining 99 cases shown as a grey band. The scatter plots show that as
market size (n) increases and the preference weight on true quality («) grows, the
mean percentile rankings converge to the true college rankings, with data points clus-
tering around the 45-degree line. Desirable rankings demonstrate good performance,
achieving a near-perfect ranking in larger markets with higher a. The narrow (almost
imperceptible) grey bands across all parameter combinations confirm the robustness
of our approach to the choice of shadow matching pu*.

Table [I] reports three standard performance measures. Bias measures the average
difference between estimated percentile rankings p and true rankings 6. Variance
captures the stability of our rankings. Mean squared error (MSE) combines bias and
variance into an overall performance measure. We compute these metrics across 1,000
simulations for the same 93rd shadow matching shown in Figure [/} The desirable
ranking improves with both market size and «. Even with a = 0.01, MSE decreases
from 0.313 to 0.088 as market size grows from 10 to 500 students. When students
strongly value quality (o = 0.90), performance is excellent with MSE dropping to
just 0.001 with 200 students.

18To generate u* in step (iii), we apply a “multi-capacity version” of the Top Trading Cycles
(TTC) mechanism in [Shapley and Scarf| (1974). We first randomly order the students matched to
each college under u. Then colleges point to their highest-ordered remaining student, with seats
decreasing by one and students removed as cycles form. To generate 100 shadow matchings u*, we
change the random ordering 100 times and compute the resulting TTC cycles.
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Figure 7: Simulation Results: Desriable Ranking vs. True Rankings

Percentile Ranking p(c)

0
0 05 1
True Ranking

Note: The figure displays the relationship between true college rankings (x-axis) and the percentile (p) ranking (y-
axis) across different market sizes (n) and preference concentration parameters (a)). Each point represents the average
p-ranking across 1,000 simulations for a single college, using the randomly selected 93rd shadow matching p*. The
solid diagonal line indicates perfect ranking accuracy (p = true rank).

The ranges [minimum, maximum| below each entry show statistics across all 100
shadow matchings, which are remarkably tight. For example, with a = 0.20 and
n = 100, bias ranges only from 0.050 to 0.052, demonstrating that different shadow
matchings yield essentially identical rankings.

Figure [§] examines uniform convergence using the supremum norm ||p — 0| =
sup.cc ||p(c) — 6.||, defined as the supremum absolute difference between percentile
ranking and true rankings across all colleges within each simulation. For each (n, «),
we calculate the supremum norm for each of the 1,000 simulations, and then report
the mean and median across simulations.

The figure shows clear convergence patterns, with both mean and median supre-
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mum norms decreasing systematically with market size. As expected, convergence
is faster for higher values of a. The gray bands represent the minimum and maxi-
mum mean supremum norms across all 100 shadow matchings and are barely visible,
indicating consistent performance regardless of which shadow matching is used.

The simulations demonstrate that desirable rankings provide a reliable method for
inferring college quality from ROL and u because they are consistent (performance
improves systematically with market size), informative (performance improves with

weights on true quality), and robust (rankings remain stable across shadow match-
ings).

Figure 8: Simulation Results: Uniform Convergence of Desirable Rankings
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Note: The figure shows uniform convergence of desirable rankings ||p — 6||cc across market sizes (n) for different
preference weights (a). Market size is defined as the number of students (and the number of seats). Solid and dashed
lines represent mean and median convergence using one out of a hundred randomly selected p*. Gray bands show the
point-wise minimum and maximum across all 100 Pareto improvement methods. (These bands are difficult to see in
the figure because they are very tight, which is a demonstration of the robustness to the choice of p*.)
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6 Application: Ranking Chilean Medical Colleges

Chile’s centralized college admission system provides an ideal setting to apply our
ranking methodology. The system is transparent, and we have access to compre-
hensive data, including students’ ROLs, enabling the implementation of the IRUS
algorithm.

The most selective universities in Chile participate in the centralized admission
system managed by DEMRE (Departamento de Evaluacion, Medicion y Registro Ed-
ucacional). DEMRE implements a college-proposing deferred acceptance algorithm to
match high school graduates with college programs. The process begins each Decem-
ber when students take the PSU (Prueba de Seleccion Universitaria), a standardized
test with mandatory components in Language and Mathematics, plus optional tests
in Sciences and Social Sciences. PSU scores range from 150 to 850, standardized
annually to approximate a Gaussian distribution with a mean of 500 and a standard
deviation of 110.

Students’ academic profiles incorporate their high school GPA (PEM - Notas de
Enseanza Media) and within-school ranking. Each program sets admission criteria by
specifying weights for these components and establishing minimum PSU thresholds.
In early January, students submit a single application listing up to eight programs in
strict preference order. For each student-program pair, a weighted admission score
is calculated by combining PSU results, GPA, and school ranking using program-
specific formulas. The deferred acceptance algorithm then proceeds iteratively until
all eligible students are matched or exhaust their preference lists, with each student

receiving at most one offer.

6.1 Data

We use administrative data from Chile’s centralized admission system for the years
2006-2009, focusing exclusively on medical and dental programs, which we refer to as
medical programs. This restriction ensures our analysis examines a coherent set of
highly competitive professional programs with similar application patterns and career
outcomes.

Our sample contains a total of 5,411 students who applied only to the 22 med-
ical programs operating during this period. Medical programs differ in terms of

the degrees, the name of the university, and their locations. The annual student
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counts are 1,302 (2006), 1,321 (2007), 1,168 (2008), and 1,620 (2009). The data in-
clude information on student demographics, test scores, high school characteristics,
program-specific weighted scores, ROLs, and admission outcomes.

Table [2] presents summary statistics for student and college characteristics. Panel
A shows that medical program applicants represent a highly qualified and homoge-
neous population. Average PSU scores exceed 6,700 points. Nearly all applicants are
unmarried, with approximately 40% from the Santiago metropolitan region. Among
the students, over 40% have university-educated parents, nearly 60% have private
health insurance, and fewer than 20% attend municipal (public) schools.

Panel B presents college-level characteristics across all the medical programs. Ad-
mission cutoff scores cluster tightly around 71,500 points, reflecting the uniformly
high standards of medical education in Chile. The geographic distribution shows
that most programs are located in the southern regions (62%), with central Chile
accounting for 29% and the northern regions containing the remainder.

We also construct and present the average and standard deviation of three com-
plementary (standardized) selectivity measures to capture different dimensions of
institutional competitiveness. Cutoff-based selectivity is constructed by collecting
the median of the last cutoff scores (minimum admission scores) for each program
across all ranking positions where it appears in student ROL, reflecting the academic
threshold required for admission. Preference-based selectivity is calculated by finding
the average ranking position where each college appears in students’ ROLs (across
positions 1-8), then transforming this as (maximum rank + 1 - average rank) so that
colleges typically ranked first receive higher selectivity scores than those ranked lower,
capturing revealed preferences for institutional desirability independent of admission
requirements. Student quality-based selectivity measures the mean PSU test scores
of students who enrolled at each college, reflecting the caliber of the student body.

All three selectivity measures are standardized to have a mean of zero and a unit
variance, making them comparable both within and across years despite different
original scales. Higher values indicate a more selective program across the admis-
sion threshold, student preference, and aptitude of the enrolled students. The fact
that the average selectivity measures are close to zero suggests that all programs are
homogeneous, making ranking a challenging task.

As we can see from Panel A, students submit relatively short preference lists, rank-

ing an average of 3.5 to 3.9 programs despite being allowed up to eight choices. This
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Table 3: Medical School Match Outcomes by Year

2006 2007 2008 2009

Outcome Count Percent Count Percent Count Percent Count Percent
1st choice 236 41.04% 282 54.23% 299 60.53% 297  49.17%
2nd choice 146 25.39% 114 21.92% 109 22.06% 159 26.32%
3rd choice 83 14.43% 66 12.69% 55 11.13% 80 13.25%
4th choice 50 8.70% 25 4.81% 9 1.82% 31 5.13%
5th choice 34 5.91% 17 3.27% 16 3.24% 22 3.64%
6th choice 9 1.57% 8 1.54% 3 0.61% 10 1.66%
7th choice 12 2.09% 6 1.15% 3 0.61% 3 0.50%
&th choice 5 0.87% 2 0.38% 0 0.00% 2 0.33%
Total Admitted 575 44.16% 520 39.36% 494 42.29% 604 37.28%
No admission 727 55.84% 801 60.64% 674 57.711% 1016  62.72%
Total students 1302 1321 1168 1620

Admitted, not enrolled 660 709 606 915

Note: Match outcomes for students applying exclusively to medical programs in Chile’s centralized
admission system, 2006-2009. Percentages for choice outcomes (1st-8th choice) are calculated as a
share of total admitted and enrolled students. “No admission” shows students who received no offers
from any ranked medical program. Total students include all applicants to medical programs in
each year. “Admitted, not enrolled” indicates students who received at least one admission offer but

chose not to enroll in any medical program.

reflects both the specialized nature of medical education and students’ tendency to
focus their applications on programs where they have realistic admission prospects.
The variable “Which Ranked College” indicates the position on students’ ROLs where
their enrolled program appeared, with lower numbers indicating higher-ranked pref-
erences. Students, on average, match with one of their top two programs.

This pattern bears out in Table [3| which presents admission outcomes by ranking
position. Admission rates range from 37.28% (2009) to 44.16% (2006), with most ad-
mitted students receiving their first or second choice. The concentration of matches
at top-ranked positions reflects both the quality of student applications and the ef-
fectiveness of the preference revelation process. Students who receive offers lower on
their lists typically applied to more competitive programs initially.

Our analysis focuses exclusively on students who were both admitted and enrolled,
excluding those who received offers but chose not to enroll in any program. This

restriction ensures the cleanest possible test of our ranking methodology.
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6.2 Desirable Rankings

To construct the desirable ranking of Chilean medical programs, we use only the ROLs
and admission data and apply the IRUS algorithm. As mentioned above, we focus
exclusively on students who ranked only medical programs and were both admitted
and enrolled in one medical program.

The implementation follows a multi-step process, separately for each year. We
begin with the ROL and admission data, which we denote as the initial assignment
1, and add information about program capacities calculated from the enrollment
numbers. We then apply a multi-capacity version of the Top Trading Cycles mecha-
nism to generate shadow matching p* (see Footnote . Finally, we implement the
IRUS algorithm to identify sequences of underdemanded programs and construct the
desirable rankings.

Table {4] shows the desirable ranking of all medical programs by year. The first
thing to note is that the IRUS ranking delivers significant separation of programs into
distinct tiers. With 19-21 programs (depending on the year), the rankings separate
them into 12-15 different tier levels. The modal tier has one program, with a maximum
tier size of 3, and in any given year, there are at most two tiers that have more than
two programs (in 2006, all tiers have a size of either 1 or 2). This finding is in line
with Theorem [B—which, recall, says that the size of the largest tier remains small as
the market grows large—even in a market of modest size.

Furthermore, the top-ranked programs demonstrate remarkable stability despite
our relatively small sample sizes and parsimonious specification. The medical program
offered by Catholic University (ID 1258) consistently ranks first across all four years,
followed by the University of Chile’s medical program (ID 1183), which maintains
second place across all four years. The University of Concepcion (ID 1386) and the
University of Santiago de Chile (ID 1691) also show consistent top-rank performance.
This stability is particularly noteworthy, given that our rankings are derived purely
from observed ROL, without requiring students to explicitly state their preferences for
program characteristics. The consistency suggests that underlying program quality
differences are persistent and well-recognized by students.

Our theoretical framework provides additional confidence in these results. Theo-
rem [2] establishes sufficient conditions under which the IRUS algorithm recovers the
true underlying quality ranking, ensuring that our empirical findings reflect genuine

program quality differences. Although our data span 2006-2009, and we do not have
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Table 4: Desirable Rankings

ID  University Field Location Rankings
2006 2007 2008 2009

1183  University of Chile Medicine Santiago 2 2 2 2
1195 University of Chile Dentistry Santiago 5 7 6 7
1256  Catholic University Dentistry Santiago - - - 9
1258 Catholic University Medicine Santiago 1 1 1 1
1386 University of Concepcion Medicine Concepcion 5) 3 3 3
1391  University of Concepcion Dentistry Concepcion 12 13 12 12
1691 University of Santiago de Chile Medicine Metro Region 4 3 3 4
1713  Austral University of Chile Medicine Valdivia 8 6 7 6
1731 Austral University of Chile Medicine  Osorno 9 12 10 9
1789  Austral University of Chile Dentistry Valdivia 18 19 18 20
1887 North Catholic University Medicine Coquimbo 12 13 16 12
1939 University of Valparaiso Medicine San Felipe 11 10 7 12
1940 University of Valparaiso Medicine Valparaiso 3 3 5 5
1950 University of Valparaiso Dentistry Valparaiso 14 15 14 15
2447 University of Antofagasta Medicine Coloso 14 15 - -
2448 University of Antofagasta Dentistry Coloso 19 20 19 20
3026 University of La Frontera Medicine Temuco 7 7 7 7
3033 University of La Frontera Dentistry Temuco 16 17 16 19
3420 University of Talca Medicine Talca - - - 17
3423 University of Talca Dentistry Talca 16 17 14 18
3505 Del Maule Catholic University = Medicine Talca 10 10 12 15
3620 Catholic University of the Medicine Concepcion - 7 11 9

Most Holy Conception

Note: This table presents desirability rankings obtained using the IRUS algorithm, applied separately for each year
from 2006 to 2009. Programs are ordered by their official ID number. Lower numbers indicate higher desirability.
Missing entries (-) indicate that the program was not available in the data for that particular year.

access to the prevailing rankings from those years, current widely used rankings show
remarkable alignment with our results from 2006-2009. For instance, the QS World
University Rankings and Universo Educativo, a Chilean educational platform, con-
sistently rank the Catholic University of Chile and the University of Chile as the top

medical institutions in the country@@ Similarly, national entrance examination data

19Gee, “QS World University Rankings by Subject: Medicine,” 2025, https://www.
topuniversities.com/university-subject-rankings/medicine. When restricted to Chile, the
programs in our sample are ranked in the following manner: Catholic University of Chile, University
of Chile, University of Santiago of Chile, and Austral University of Chile.

20Universo Educativo, “Top 10 Universidades de Medicina en Chile | Ranking 2025,” July 10,

35


https://www.topuniversities.com/university-subject-rankings/medicine
https://www.topuniversities.com/university-subject-rankings/medicine

reveal that the Catholic University of Chile attracted the majority of the top 100 stu-
dents (based on PAES scores) in 2025, demonstrating continued alignment of student
preferences with our “historical” desirable rankings.@ These findings demonstrate the
applicability and empirical content of our methodology.

The accuracy extends meaningfully beyond the top-tier programs. The University
of Concepciéon has maintained its top-three position, as predicted by our rankings,
while the University of Santiago Chile currently ranks fourth, precisely within its
3-4 range from our desirable rankings. Regional institutions, such as the Austral
University of Chile and the University of La Frontera, continue to occupy the positions
our methodology identified as “lower” relative to Santiago-based elite institutions.
This middle-tier predictive success demonstrates that the IRUS algorithm captures
not only absolute institutional quality but also relative competitive positioning within
the Chilean medical education landscape, achieving reasonable accuracy in predicting

contemporary hierarchical positions among established institutions?

7 Alternative Rankings

To evaluate our rankings against other alternatives, we construct two additional rank-
ings using the Chilean data and compare their performance against our approach. We
begin with the revealed preference rankings and then determine the Borda rankings,

and compare them with our desirable rankings.

2024, https://universoeducativo.cl/universidades/medicina/, which ranks the programs in
our sample in the following order: Catholic University of Chile, University of Chile, University of
Concepcion, University of Santiago de Chile, Austral University of Chile, University of Valparaiso,
University of La Frontera.

2IPAES (Prueba de Acceso a la Educacién Superior) is the current standardized college
entrance examination that replaced the PSU (Prueba de Seleccion Universitaria) in 2022.
See Pontificia Universidad Catolica de Chile, “Lideres en seleccion PAES 2025: 51% de los
100 mejores puntajes estudiard en la UC,” January 20, 2025, https://www.uc.cl/noticias/
lideres-en-seleccion-paes-2025-51-de-1los-100-mejores-puntajes-estudiara-en-la-uc/.

2“While our desirable rankings are accurate for established institutions, one of the main reasons
the recent ranking differs from our ranking is the emergence of high-performing private universi-
ties that entered the market after our study period. For example, the University of Los Andes
and the University of Desarrollo are now considered among the top (sixth and seventh) medi-
cal schools, but were absent from our sample. See, the rankings by Universo Educativo here
https://universoeducativo.cl/universidades/medicina/.
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7.1 Revealed Preference Rankings

To construct revealed preference rankings, we estimate college qualities from our
admission data and rank programs based on these quality measures. In particular,
the revealed preference approach employs a discrete choice framework to estimate
the college qualities (in the form of college fixed effects). This methodology differs
fundamentally from the desirable ranking approach in both its data requirements and
underlying assumptions. In revealed preference models, researchers observe the set of
colleges to which a student is admitted and infer quality from the student’s final choice
among these options. The choice reveals the student’s preferences and, by extension,
the quality of the chosen college. However, this approach requires imposing structure
on the utility function and detailed controls for various college characteristics (which
we introduce shortly below), making it data-intensive and dependent on stronger
modeling assumptions. In contrast, our approach examines students’ ROLs, which
contain information about programs students desire but may not have been matched
to. Using ROLs allows us to “look up” the preferences and infer their ranking. The
desirable ranking is parsimonious in its data requirements and robust because it makes
minimal assumptions about utility functions and student and college heterogeneity.

Unlike the US data used in |Avery et al.[(2013), in Chile, a student is matched to at
most one college through a centralized mechanism. This institutional context requires
us to construct a set of “feasible” colleges, one for each student, rather than observing
them directly through multiple admissions processes. To this end, we follow |Fack
et al| (2019)) and use stability (Gale and Shapley, [1962; Abdulkadiroglu and Sonmez,
2003)) as our solution concept, which implies that each student has a personalized set
of colleges with cutoff scores below the student’s test score. The student then chooses
the best college from this feasible set. The Chilean system employs a college-proposing
Deferred Acceptance system, which is stable. These feasible sets vary across students,
identifying the college quality (fixed effects).

Utility Specification. Let student ¢’s utility from attending college ¢ be given
by

Uie = 0c 4 0ic 4 Nie = 0 + 6(Xs, Wie; B) + e, (3)

where 0. is still the intrinsic college quality and 7, . is ¢’s idiosyncratic preference, and
d(+) is a deterministic utility component that depends on student characteristics X,

student-college match characteristics W ., and is known up to a vector of parameters
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B.

We assume that the preference shocks are independently and identically distributed
according to a Gumbel distribution: 7; . ~**% Gumbel(0,1). Let W; = {W; .}.cc and
1; = {wi c}eec denote the collection of all match characteristics and preference shocks
for student i, where C is the set of all available colleges. We assume independence
between preference shocks and observables: n; L (X;, W;).

We further assume that all students must enroll in some program, so there is no
outside option. Furthermore, conditional on student and college characteristics, there
are no peer effects — a student’s preferences over colleges are not affected by other
students’ assignments or by equilibrium outcomes, such as admission cutoffs.

The utility function in Equation induces a preference ordering for each student,
which is reflected in her ROL. The desirable ranking methodology uses students’ ROL
of colleges. However, in the Chilean system, students can rank at most eight programs
and typically do not utilize all available ranking slots. In this setting, we cannot be
certain that the observed rankings accurately reflect students’ true preferences, as
they may strategically omit colleges they perceive as out of reach or consider other
strategic factors. Therefore, we cannot use the ROL data for estimation.

Instead, we employ stability criteria for identification. Since the Chilean data orig-
inates from a Deferred Acceptance mechanism, the observed allocation must satisfy
stability. Stability requires that no student-college pair exists such that both the stu-
dent prefers the college to their current assignment and the college prefers the student
to at least one of its current admits. In other words, every student is matched with
their favorite feasible school. A school is feasible for a student if its ex post cutoff is
below the student’s priority index. These cutoffs and priority index are recorded in
our sample. Hence, the stability condition effectively implies a discrete choice frame-
work where each student faces a student-specific choice set consisting of colleges that
are feasible given their scores.

Stability Criteria. We now assume that the matching p is stable. Let P(u) be
the cutoffs associated with u, which are random variables determined by the unob-
served utility shocks (n). Let s; be student i’s score. Matching p is the outcome of a
discrete choice model with a personalized feasibility set, C(s;, P(u)). The condiitonal
probability that ¢ is matched with college ¢, or chooses ¢ in C(s;, P(p)), is

Pr(c = p(u;, 8;) =arg  max U » | (Xi, Wic), 8:,C(si, P(1)); (0, 8)).

' €C(si,P (1))
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We further assume that for all students, conditional on observables, their prefer-
ences and scores, and the set of feasible colleges, are independent. So, we assume
that students cannot affect the cutoffs by changing their scores, which is reasonable
given the size of the market. Given the assumptions, the corresponding (conditional)

log-likelihood function is

1 C 1

InL(6,8 | (X, W),s,C(s;, P(11))) = > Sie x L(p(us, 8;) =) — Y In > o+ exp(6i)

=1 c=1 1=1 ceC(si,P(u))

These feasible sets differ across students, which helps identify preference parame-
ters. This identification strategy requires two key assumptions: first, that a student’s
priority ranking does not directly influence their utility from attending a college, and
second, that students do not experience spillover effects from their peers’ choices. For
a detailed discussion of these identifying conditions, which builds on the results in
Matzkin| (1993)), see [Fack et al.| (2019).

To control for student heterogeneity, we include a set of demographic and so-
cioeconomic characteristics in the utility function. Student controls include gender,
secondary school type (private or municipal school), geographic location of schools,
work status of the student, family income brackets, father’s education level, type of
health insurance, and standardized test scores. These variables are meant to capture
key dimensions of student background that may influence preferences for medical
schools, including socioeconomic status, academic preparation, and geographic ties.

For program characteristics, we use all the variables in Summary Table [2] includ-
ing three selectivity measures that we constructed rather than relying on a single
composite index. These include separate indicators for first and last cutoff scores, a
preference-based measure derived from average ranking positions in student applica-
tions, and a student quality measure based on the academic credentials of enrolled
students. This multidimensional approach allows the model to distinguish between
different aspects of institutional prestige and desirability that may differentially affect
student choices, such as academic reputation versus peer quality.

We estimate the parameters using Maximum Likelihood and construct a ranking
based on the college (fixed effects) quality 0,. The implied rankings are reported in
Table B

23We normalize one program’s . to zero for identification. Note also that our analysis excludes
out-of-pocket tuition costs due to data unavailability. This omission may be less of an issue for
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Table 5: Revealed Preference Rankings

ID  University Field Location Rankings
2006 2007 2008 2009

1183  University of Chile Medicine Santiago 7 6 D 4
1195 University of Chile Dentistry Santiago 3 20 14 7
1256  Catholic University Dentistry Santiago - - - 19
1258 Catholic University Medicine Santiago 20 4 16 5
1386 University of Concepcion Medicine Concepcion 11 12 17 9
1391  University of Concepcion Dentistry Concepcion 21 19 20 16
1691 University of Santiago de Chile Medicine Metro Region 13 18 8 21
1713 Austral University of Chile Medicine Valdivia 4 21 4 11
1731 Austral University of Chile Medicine  Osorno 17 15 19 20
1789  Austral University of Chile Dentistry Valdivia 19 7 3 8
1887 North Catholic University Medicine Coquimbo 10 2 15 10
1939 University of Valparaiso Medicine San Felipe 5 1 12 22
1940 University of Valparaiso Medicine Valparaiso 14 11 11 17
1950 University of Valparaiso Dentistry Valparaiso 9 16 7 15
2447 University of Antofagasta Medicine Coloso 8 8 - -
2448 University of Antofagasta Dentistry Coloso 6 14 18 6
3026 University of La Frontera Medicine Temuco 1 10 1 3
3033 University of La Frontera Dentistry Temuco 18 17 10 13
3420 University of Talca Medicine Talca - - - 2
3423 University of Talca Dentistry Talca 2 3 9 14
3505 Del Maule Catholic University = Medicine Talca 16 ) 2 1
3620 Catholic University of the Medicine Concepcion 12 13 13 12

Most Holy Conception

Note: This table presents revealed preference rankings estimated using college fixed effects from a discrete choice
model with student-specific consideration sets. Year-by-year rankings are estimated separately for each year from
2006 to 2009. Missing entry (-) indicates the program was not in our sample that year.

The revealed preference rankings demonstrate limitations compared to the desir-
able ranking methodology. Despite using more data than desirable rankings, the year-
by-year estimates exhibit pronounced volatility, with programs experiencing dramatic
rank changes across periods despite the underlying program characteristics remaining
relatively stable (as documented in Tables [2| and . For instance, the University of

revealed preference rankings in this context, as the private medical education sector was considerably
smaller during our study period than it has been in recent years. Finally, for clarity of presentation,
we report only the derived rankings rather than the full set of coefficient estimates, which are
available upon request.
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Valparaiso’s San Felipe medical program (ID 1939) fluctuates from fifth place in 2006
to first in 2007, then to twelfth in 2008 and twenty-second in 2009. Similarly, North
Catholic University’s medical program (ID 1887) demonstrates substantial instability,
oscillating between second and fifteenth place.

Most critically, when compared to both desirable rankings and external validation
measures, the revealed preference rankings perform poorly. Catholic University’s
medical program (ID 1258), which consistently ranks first in the desirable rankings
and aligns with contemporary QS World University Rankings, fluctuates between 4th
and 20th place in the revealed preference rankings. Conversely, the University of La
Frontera’s medical program (ID 3026) frequently appears at the top of revealed prefer-
ence rankings despite ranking seventh in the stable desirable rankings and occupying
a middle-tier position in current national assessments. This misalignment suggests

that desirable ranking performs better than the revealed preference rankings.

7.2 Borda Rankings

The Borda Count is another way to aggregate students’ preferences, which “awards”
points to programs based on their (relative) rank in the students’ ROLS.@ To compute
the Borda score, we use the procedure outlined in [Emerson| (2013): if a student ranks
m colleges, then we give m points to their first choice, (m — 1) points to their second
choice, and so forth. The final ranking is determined by summing these individual
points for each program across all students.

The resulting rankings of medical programs are shown in Table [ff The Borda
Count awarded the University of Chile (ID 1183) the top ranking across all four years
from 2006 to 2009, followed by various other institutions in the subsequent positions.

However, the limitation of Borda’s rule becomes apparent when comparing Borda
rankings to contemporary evidence of institutional quality, particularly QS rank-
ings. The most striking divergence involves Chile’s two premier medical institutions.
While desirable rankings correctly identified Catholic University (ID 1258) as the top
program throughout 2006 to 2009 (consistent with QS rankings), the Borda Count
systematically undervalued this elite institution, ranking it third to fifth position.
This feature suggests that the Borda Count may not be able to reliably distinguish
between genuinely high-quality programs and those that appear frequently in student

24For applications of Borda rankings see Baharad and Danzinger| (2018)) and |Barbera et al.| (2023)).

41



Table 6: Borda Rankings

ID  University Field Location Rankings
2006 2007 2008 2009

1183  University of Chile Medicine Santiago 1 1 1 1
1195 University of Chile Dentistry Santiago 11 11 9 8
1256  Catholic University Dentistry Santiago - - - 6
1258 Catholic University Medicine Santiago 3 5 3 3
1386 University of Concepcion Medicine Concepcion 2 2 2 2
1391  University of Concepcion Dentistry Concepcion 13 12 11 13
1691 University of Santiago de Chile Medicine Metro Region 4 4 4 4
1713  Austral University of Chile Medicine Valdivia 6 6 6 7
1731 Austral University of Chile Medicine  Osorno 15 14 14 17
1789  Austral University of Chile Dentistry Valdivia 19 18 17 19
1887 North Catholic University Medicine Coquimbo 18 17 18 20
1939 University of Valparaiso Medicine San Felipe 10 10 13 14
1940 University of Valparaiso Medicine Valparaiso 5 3 5 5
1950 University of Valparaiso Dentistry Valparaiso 14 13 12 15
2447 University of Antofagasta Medicine Coloso 12 15 - -
2448 University of Antofagasta Dentistry Coloso 20 20 19 21
3026 University of La Frontera Medicine Temuco 9 7 7 9
3033 University of La Frontera Dentistry Temuco 16 19 16 18
3420 University of Talca Medicine Talca - - - 11
3423 University of Talca Dentistry Talca 17 16 15 16
3505 Del Maule Catholic University = Medicine Talca 8 8 10 12
3620 Catholic University of the Medicine Concepcion 7 9 8 10

Most Holy Conception

Note: This table presents Borda Count rankings calculated from student preference lists, applied separately for each
year from 2006 to 2009. Each student was awarded points equal to their number of ranked programs (m points for
first choice, (m — 1) for second choice, and so on). Programs are ordered by program ID number. Missing entries (-)
indicate that the program was not available in the data for that particular year.

preferences.

One reason for this bias is that Borda’s rule systematically favors programs with
larger applicant pools, regardless of the program’s quality, because it rewards pro-
grams for simply appearing on more ROLs. Large programs benefit disproportionately
because applicants likely include them as safety options, either because the system
itself limits the number of programs they can list (and thus they do not want to
“waste” a slot on a school they might prefer, but think they will be rejected from),

or simply because agents choose not to rank alternatives they think are unachievable
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(see footnote [7] and the references therein). This will inflate the Borda scores of these
programs, leading to incorrect rankings. While this size-induced bias may be less
pronounced in the Chilean medical education context, where programs tend to be
relatively similar in size, the issue remains problematic and highlights a fundamental

limitation of the Borda approach.

8 Conclusion

We consider the problem of ranking alternatives, such as medical programs, colleges,
or academic journals. We introduce a new paradigm for constructing rankings that
is based on the notion of desirability: alternatives that an agent desires (relative to
what she receives) should be ranked higher.

We introduce axioms that formalize the notion of desirability, and build an algo-
rithm, the Iterated Removal of Underdemand Schools (IRUS), that can be used to
calculate desirable rankings. Furthermore, we show that the desirable rankings as an
output of the IRUS algorithm coincide with the true underlying rankings based on
college qualities in the limit.

We verify this theoretical convergence through simulations that demonstrate the
robust performance of the IRUS algorithm across different market sizes. In our empir-
ical application, we apply IRUS to rank Chilean medical programs from 2006 to 2009
using data only on rank-order lists and admissions outcomes. Despite the parsimo-
nious data, our desirable rankings align remarkably well with contemporary program
standings. We also show that desirable rankings outperform revealed preference rank-
ings and Borda rankings as alternatives.

Having introduced desirability as a ranking paradigm and exhibited its potential
in a real-world application, there are several additional conceptual reasons to prefer
desirability-based methods, which open up avenues worth further exploration. De-
sirable rankings will be more robust to idiosyncratic preferences that are unique to
a particular student, rather than the underlying quality of the college. By basing
the ranking on the colleges a student desires (looking “up” a student’s preference list,
rather than “down”), we are less likely to make incorrect inferences when a student
prefers a lower-quality college for purely idiosyncratic reasons. This robustness is
driven by the fact that desirable rankings work by sorting colleges using a shadow

matching, which serves to filter out idiosyncratic preferences. This is an important
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feature of desirable rankings that stands in contrast to counting-based methods (such
as the Borda count), which reward schools for simply appearing more frequently and
higher on student lists. We expect that such approaches will be more susceptible to
bias than desirability if agents inflate the rankings of certain schools for reasons other
than quality. Second, as discussed in the Introduction, standard “index” methods
for calculating rankings (based on factors such as acceptance rates) are problematic
because they are susceptible to gaming on behalf of colleges. Notice that under a
desirable ranking, for a college to be ranked higher, it must be desired by a student
at a lower-ranked school. Thus, if a college wants to raise its rank, it must increase its
quality to become a more attractive college. We expect desirable rankings to provide
incentives for colleges to invest in quality improvement, rather than strategies that
artificially inflate their rankings. Formalizing these properties of desirable rankings

are interesting questions for future work.
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A  Proofs

A.1 Proofs for Section [4

Proof of Theorem [I Let > be the ranking produced by the IRUS algorithm
using shadow matching p*, and let IT = {II,...,IIx} be the corresponding tiers.
First, we show that > is desirable by showing it satisfies AoD and justification with
respect to p*. Consider any student ¢ and any college ¢ that i desires. In particular,
¢ P; pu*(i). Note that ¢ cannot be an underdemanded college until p*(7) is removed.
By construction of the algorithm, ¢ is thus ranked higher than p* (i), and so I satisfies
AoD.

For justification, for any £ < K and any school ¢ € I, we need to find a sequence
of colleges ¢ := ¢ > cpy1 > -+ > g and students i1, ..., 95 such that p*(i;) = ¢;
and ¢; desires ¢;_; for all j = k+1,..., K. We proceed by induction, starting with
k=K — 1@ Consider ¢ € IIx_1. School ¢ was not removed in step 1 of IRUS, and
so in step 1, there is some student ¢ such that ¢ P; u*(i). As ¢ is removed in step 2, it
is underdemanded at this step, and so p*(i7) must have been removed in step 1, i.e.,
w (i) € lg. Then, cx_1 := c> ek = p*(i) and ix := i gives the necessary chain to
justify c.

The inductive step is similar. Suppose that the colleges in Il ; have been justified:
that is, for any cgyq € Iy 1, there exist sequences of colleges cpi1>cpio>--->ckx and
students iy, ..., ik such that *(i;) = ¢; and i; desires ¢;_; for all j = k+2,..., K.
We show that the colleges in Il are also justified. Consider a college ¢ € Il;, which
means that ¢ was removed at step K —k+ 1 of the IRUS algorithm. This means that
¢ was not underdemanded at any step up to and including K — k, but is so at step
K — k+1. Similar to the base case, this means that there is some student ¢ such that
¢ P, p* (i) and p*(i) € gyq. Let cgry = p*(d). By the inductive hypothesis, there
exists a sequence of colleges cxy1 > cpioD> - - > cx and students igio, ..., 15 such that
p*(i;) = ¢; and i; desires ¢;_q for all j = k+2,..., K. Appending school ¢ := ¢ and
ig+1 ‘= ¢ to these sequences, we create sequences ¢y := c> Cpi1 > Cpao > -+ > cx and
ikt1 = 1,912, . .., ik such that p*(i;) = ¢; and 4; desires ¢;_; forall j = k+1,..., K.
So, any school ¢ € Il is justified, and by induction, the entire ranking is justified.

To prove uniqueness, let >’ be a desirable ranking, and II' = {II}... I} } be

25Note that we start with K — 1 because the schools in IIx are ranked last, and do not need to
be justified.
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the associated tiers. We show that >=D' by showing Ilx_, = II}_, for all k =
0,1,..., K — 1. Consider k = 0. We first show that IIx C II,. Take some ¢ € Ilg.
By definition of the IRUS algorithm, college ¢ is underdemanded when the entire
set of colleges and students is considered, i.e., u*(i) R; ¢ for all ¢ € I. Therefore,
there cannot be a sequence that justifies ranking ¢ in anything but the last tier, as no
student desires c. Since II' is justified, we conclude that ¢ € II;, and that I1x C II7.
Next, we show II7 C IIx. Take some ¢ ¢ [I. Since ¢ ¢ Ik, it is not underdemanded
at step 1 of IRUS, and so there must be some student i € I such that ¢ P; p*(i). If
c € I}, then p*(i) > ¢ (as c is ranked last, any school is ranked weakly higher than
it). But, ¢ P, p*(i) and p*(i) > c violates the axiom of desire. Therefore, ¢ ¢ II/,
I, C g, and [Ix = 117.

The inductive step is analogous. Suppose that [Ix_ =1I _,, forallk’ =0,..., k—
1. Let X =g g1 Ullg o U...UIlg be the set of all colleges ranked K — —k + 1
or worse according to IRUS, and let X = C \X =11 Ul U---UIlg_x be the set
of schools ranked K — k or better. Note that by the inductive hypothesis, under the
alternative ranking ', we have X =117, U...UIl}. We show that IIx_; =117 _,.

We first show I, C II} ,. Take some ¢ € IIx_,. At the step of IRUS at which ¢
was removed, the set of remaining colleges is exactly X. Let [ = {i € I : u*(i) € X}
be the students at these colleges. When ¢ was removed, it was underdemanded, and
so u*(i) R; c for all i € I. By the inductive hypothesis, ¢ & T, for £ > K —k+1. We
claim that ¢ ¢ IIj, for ¢ < K — k, which will imply that ¢ € IT%_,. Indeed, assume
that ¢ € II} for some ¢ < K — k. Since the ranking is justified, there exist sequences
of colleges ¢y :== c>cpy1 >+ D>Cxg g1 > >ck and students iy, 1, ..., 15 such that
1 (ip) = cp and iy desires ¢y for all ¢/ = ¢+ 1,..., K. In particular, to construct
such sequences, there must be some student i € I that desires ¢, i.e. ¢ P; u*(i) for
some i € I, which is a contradiction. Therefore, ¢ € I}, , and gy C 1T} .

Finally, we show that II} , C Ilx_j. Take a college ¢ ¢ Ilx_,. We show that
c¢ Il _,. If c €Il, for ¢ > K — k, then by the inductive hypothesis, ¢ € II}, and
thus ¢ ¢ I}, _,. So, consider ¢ € II, for £ < K — k. Since ¢ ¢ [Ix_j, during the step
of TRUS when the colleges IIx_; were removed, college ¢ was still present and not
removed, and thus, was not underdemanded, which implies that ¢ P; p*(i) for some
i € I. By the inductive hypothesis, school p*(¢) ¢ 1T} _, . U---UII}, i.e., school y*(7)
must be ranked L — k or better under >'. If ¢ € II} _,, then p*(i) &> ¢ and ¢ P; p*(i),

which violates the axiom of desire. Therefore, ¢ ¢ II}, ,, and g, =11} _,.
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A.2 Proofs for Section [5

The proofs for this section are presented out of order. We use Theorem [3] to prove 2]
and so we begin by proving Theorem [3] followed by Corollary |3, and finally Theorem
2

Proof of Theorem For each market realization, let > be a desirable ranking |,
and let X denote the largest tier of schools, i.e., X = HE for the tier k such that
ITI;| > |1 for all &' . An equivalent way to state Theorem [2|is as follows: For any
7, A > 0, there exists N such that

1
Pr (—|X| > T) < A for every n > N.
n

This is the statement that we will show.

Since > is desirable, it satisfies the axiom of desire with respect to a particular
shadow matching, which we denote p*. As a reminder, p* is Pareto-efficient by
definition. Let Iy = {i € I|u*(i) € X'} be the students assigned to the colleges in X
at p*.

Let A € (0,min{1, £=2}). Let ppn =1 — 1% A, and notice that pa € (0,1). Define
a bipartite graph GP2 as follows: X U Ix is a bipartitioned set of nodes. Two vertices

c € X and i € Ix are joined by an edge if and only if
Nic < pA- (4)

As the n;.’s are iid uniform|0,1], every student and college is joined by an edge
independently with probability pa, and so indeed this fits into the bipartite random
graph model.

There is a connection between a student ¢ having unusual preferences for a school
¢ (in the sense that i prefers a college with a lower common value) and there being

an edge between ¢ and ¢ in our random graph GP2.

Lemma 2. For any student i € Ix and college ¢ € X, if there exists a college d € X
such that (i) 6. > 6, + A and (i) d P; ¢, then there is an edge between i and ¢ in
GPA.

261f there are multiple largest tiers, we pick one of them.
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Proof of Lemma [2 Since d P; ¢, we have the following string of inequalities:

abg+ (1 — Oz)m,d > b, + (1 — Oé)Wi,c
abg+ (1 —a)>ab.+ (1 —a)n.
a(fg—0:) + (1 —a) > (1 —a)n,.

(6
1-— 0.—04) >n;.
1_@( ) > 1,
1— 2 A,
11—« ’
pA>771,c

The second line follows from 7,4 < 1. The second-to-last line follows from the as-
sumption that 6. — 6; > A. The remaining lines are algebra. So, indeed, given the
construction of GP2 (see the edge condition given by Equation , there is an edge
between ¢ and c.
O
A consequence of Lemma [2] is that a large tier (greater than A% of the market)
induces a biclique in the random graph GP2. To state this formally, given two numbers
0 <a<b<1, define

L(a) = {ce X|0.<a}
H®b) = {ce X|0.>10b}

to be the subsets of colleges with low (below a) and high (above b) common values,
respectively. Recall that A € (0, min{1, :=2}).

Lemma 3. For any a,b € (0,1) such that A = b — a, the graph GP~ has a balanced
biclique of size min{|L(a)|, |H(b)|}.

Proof of Lemma [3| Since > is desirable, for any student i € Iy, p*(i) is i’s
top-ranked school in X: fav;(X) = p*(i) | Let

U={ie X :u*(i)e Lia)}.

We use the notation U because these students are “unusual”’, in that their favorite

2"By the axiom of desire, ¢’ > p* (i) for all ¢/ such that ¢/ P; u*(i), and thus any college i strictly
prefers to p* (i) is ranked in a tier strictly better than X.
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tier X college has relatively low common value (below a).

Claim 1. In the graph G*», H(b) and U are a biclique.

Proof of claim. Choose a student i € U and college ¢ € H(b). Let d = p*(i). Since
i €U, de€ L(a). Therefore, 8; < a. Since ¢ € H(b), 6. > b. Therefore, . — 04 > A.
As d = fav;(X) we have d P; ¢. Therefore, by Lemma [2] there is an edge in GPA
between i and c¢. As this holds for each choice of i € U and ¢ € H(b), there is an edge
between every i € U and ¢ € H(b), and thus, H(b) and U are a biclique.

O

Since H(b) and U form a biclique, there exists a balanced biclique of size min{|U|, |H (b)|}.

For each college ¢ € L(a), choose one student i. € U. Let V = {i. € U : ¢ € L(a)}
be this set. Since V' C U, V and H(b) form a biclique. Since |V| = |L(a)|, there is a
balanced biclique of size B x B, where B = min{|L(a)|, |H(b)|}.

U

Lemma 4. For every 7,6 > 0, there ezists ¢ > 0, A € (0, min{1, 1jTa}) and N > 0
such that for alln > N,

1 B
Pr(—|X| >7') §Pr(—>e> + 9,
n n

where B x B is the size of the maximal balanced biclique in the associated graph GPA.

Proof of Lemma Fix any 7 € (0,1)[% and let M be an integer such that
4 < min{%,=2}. Choose € > 0 such that ¢ < 5, and set A = 1/M. (Notice that
A < min{Z, =%} < min{1, =2}, which was the condition we needed for the lemmas

above.) Divide the unit interval into M subintervals, each with length 1/M, where

we refer to [mT’l, %) as the m!" subinterval. Let
m m+1
c™ = elC:—<0.< ——

be the colleges with common values in the m!”" subinterval. Let F, be the event that
11X| > 7, and F, the event that |cn_m\ < 7 for all subintervals m =1,..., M.

Claim 2. Assume that the events E,, and F,, are true. Then, in the graph GP~, there

is a balanced biclique of size B x B, where B = [en].

28If 7 > 1, then the LHS of in the inequality in the lemma is 0, and the result holds trivially.
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Proof of Claim [2 Since F, is true, we have |C™| < (7/4) x n for all m, which
also implies that |[C™ N X| < (7/4) x n for all m. The event E, is £|X| > 7, and
a necessary condition for this to be true is that there is some m* subinterval that
contains the common values of at least ¢ x n of the colleges in X | Let m be the
index of the first such subinterval that contains the common values of at least € x n

of the colleges in X. Combining these observations, we have:

m—1
<Z |Cm’ﬂX|> +|lCmNX|+|C™I N X] < (m—l)en+£n+£n

m/=1

< 1) T +7’ +7’
m 4Mn 4n 4n

o oom—17 +T +7‘

T M 4Tt Ty

< Zn—kzn—i—zn
4 4 4
3

The first inequality follows from the fact that each of the first m — 1 intervals has
less than en of the colleges in X (by definition of m) and intervals m and m + 1 have
at most (7/4)n total colleges (and therefore, must have less than that number of X
colleges). The second inequality comes from the fact that we chose € < ;77. The
remaining inequalities are simple algebra.

Note that S2»_ |C™ N X| = |X| > n. Combining this with Equation [5|implies
that

al ™
Z cmnx| > >

m/'=m+2

which follows because we chose € < 7/4. In sum, we have shown that there are at

least en colleges in X with common values in the interval [0, ””‘7“), and at least en

colleges with common values in the interval [’%2, 1} . Therefore, by Lemma , setting
a= mTH, b= 7"7“, and A = % we conclude that in the random graph GP2, there
is a balanced biclique of size at least en.

O

Pndeed, if not, then |X| < M x e xn < M x 7/(4M) x n < 7 x n, which implies | X| < 7n.
30Recall that we chose M large enough such that 1/M < min{r/4, (1—a)/a}, and so the conditions
of Lemma [3] are satisfied.
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Recall that FE,, is the event that %|X | > 7, and F,, is the event that @ < 7 for all
subintervals m = 1,..., M. Our goal is to show that Pr(E,) < Pr(B/n > €) + 6.

Note that we can write:

Pr(E,) = Pr(E,NFE,)+Pr(E,NF)
< Pr(E,NF,)+ Pr(F°), (6)

where F¢ is the complement of F),, i.e., F¢ is the event that there is some subinterval

m’ such that |C™|/n > 7/4. Because all 6, are iid uniform, @ 5 L for each m,

and thus for any €',¢" > 0, for all n large enough,

cm 1
Pr({ - %

Further, because 1/M < 7/4, this also implies that for all n large enough,

< € for all m}) >1-4. (7)

Pr(F,)>1—-4¢" (8)

for all &' > 0. In other words, with arbitrarily high probability, for all n large enough,

every interval contains at most 7 x n of the colleges. This can be restated as
Pr (FY) < ¢ for all sufficiently large n. (9)
Combining equations @ and @, and choosing §' = §, we have
Pr(E,) < Pr(E,NF,)+ 9 for all n sufficiently large. (10)
By Claim [2| Pr(E, N F,) < Pr(B/n > €), and so
Pr(E,) < Pr(B/n > ¢) + ¢ for all n sufficiently large, (11)

which is what we wanted to show.
O

To finish the proof of Theorem [3] let 8, = 2log(n)/log(1/(pa)), where A is chosen

as in Lemma [} and let B x B be the size of the maximal balanced biclique in the
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graph GP2. The theorem of Dawande et al. (2001)) implies that
Pr(B<f,) - 1lasn — oo

and, since 3, /n — 0, we have

B
— 2 0asn — oo. (12)
n

Now, by Lemma [4] there exists N such that for all n > N, we have

Pr(l]X|>7)§Pr<§>e)+5 (13)
n n

By , the first term on the RHS of converges to 0, and thus by choosing &
sufficiently small and n sufficiently large, we can make the RHS of smaller than
any A > 0, which completes the proof of Theorem
U
Proof of Corollary [3| Fix 6 € [0,1]. We first show that |D()|/n 2 1 —6. First
notice that | D(0)|/n < 1—0, which follows simply from the definition of p(-). However,
the converse does not immediately follow, i.e., it may be that |D(6)|/n > 1 — 8. We
show that as n grows large, |D(0)|/n becomes arbitrarily close to 1 — # with high
probability, i.e., we show that, for any € > 0,

n

D(0 .
Pr<| ()|>(1—9)—e>—>1asn—>oo. (14)
Define the following quantities:

p = max{p(c) : p(c) < 6}

= min{p(c)  plc) > 0},

e

By construction

L p>0> p (notice that these inequalities may be strict). Also, by
the definition of p(-), we have

e Cple) = p}l

pp=
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the numerator on the RHS is a single ranking tier, and so becomes small as n grows
large; formally, by Theorem 3], the RHS of the above equation converges in probability
to 0, and thus p LN p- Combined with p > 0 > p, we have

5 0. (15)

Define
E={ceC:pc) = p}

Since 5 > 0, we have E C D(f), which implies that

Pr<|D(9~>| >(1—9~)—6> ZPr(@>(1—«9~)—e) (16)

n n

for any € > 0. Next, notice that by definition of p, |E|/n =1 — p, so the RHS of
becomes
Pr(l—p>(1—0)—¢) =Pr(p <0 +e).

By , Pr(p < 6 + €) — 1. So, the RHS of converges to 1, and thus

Pr<|DT(f)| >(1—é)—e> zPr(@>(1—é)—e> -1,

n

and thus,

Pr(‘D<é)| >(1—§)—e> —lasn— o0

n

which is what we wanted to show. The second statement that |D'()|/n 2 6 is an
immediate consequence of the first.

O

Proof of Theorem [2| For each market realization, let > be a desirable ranking,

and p the induced percentage ranking. Since > is desirable, it satisfies the axiom

of desire with respect to a particular shadow matching, which we denote u*. As a

reminder, p* is a Pareto-efficient matching. To prove Theorem [2] we first show the

following two propositions.
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Proposition 1. For every e > 0 and any 6 € (0, 1],
1 P
—|{ceC:0.>6 and p(c) <O —¢€}| =0 asn — oc.
n

Proposition 2. For every e > 0 and any 0 € (0, 1],
1 P
—[{ceC:0.<0 and p(c) >0 +€}| =0 asn — occ.
n

Proof of Proposition [l Fix any 6 € (0,1] and any € > 0. Choose ¢ so that
0 >0 > 60— min{e, =2}

Define the set of colleges that “lose” in ranking p by
L:={ceC:0.>6and p(c) <0 —¢}.

These colleges “lose” because their quality 6. is above 8, but their resulting ranking

is more than € below. Next, define the following set of colleges:
W:={ceC:0.<6 and p(c) >0 —€}.

We label this set W because these colleges are “wrongly ranked”, in the sense that
their true quality 6, is less than all colleges in L, and yet they are ranked higher than
any of the colleges in L. As the shadow matching p*(7) is Pareto efficient, p*(7) is 4’s
top-ranked college that is in the same tier as p*(2) (see footnote 27). We define a set

of “unusual” students as follows:
={iel:u(i)eW}.

These students are unusual in the sense that the colleges in W are overranked, and
thus have relatively lower common values, and yet each of these students has a college

in W as her favorite college in her tier.
Claim 3. For every college ¢ € L and every student i € U, pu*(i) P; c.

This claim follows from definitions of W, L, and AoD. Since i € U, u*(i) € W.
Therefore, p(u*(i)) > p(c) (from the definitions of W and L), and by AoD, u*(i) P; c.

In fact, we can place an upper bound on the idiosyncratic draw between an unusual
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student and a loser college "]
Claim 4. For every college ¢ € L and every student i € U, ;. < 1 — 2-(0 — 0').

To see Claim [4] recall that 6. > 6 (by the definition of L). By definition of U,
p*(i) € W and therefore, ¢ > 6,.(;, by definition of W. Since 6" > 6,-;) and
L2 i)

abl + (1 —a) > abeu + (1 = )i
>ab.+ (1 —a)n,
>af + (1 —a)n.

The second line follows since p*(i) P; ¢ (Claim [3)). The last line follows by con-

struction: All colleges in L have a common value greater than or equal to 6. Thus,
ald +(1—a)>ab+ (1 —a)n,
and rearranging terms, we find that

1— (67

((9 — (9,) > Nies

11—«

which is Claim [El

We now use the theory of random bipartite graphs, and show that our “unusual”
occurrence corresponds to the formation of a balanced biclique in a random graph.
Let I U C be a bipartitioned set of nodes. Construct a graph by drawing an edge

between student ¢ and college ¢ if

«

Nic S 1—

0—0). (17)

—

That is, every pair is joined by an edge independently with probability p’ = 1 —
o (A ) and we denote the resulting random graph G¥'.

Claim 5. The vertices L and U are a biclique in GP'.

This result follows immediately from Claim [4] and equation (17)). Thus, in the

random graph, there exists a balanced biclique of size min{|L|, |U|}.

31Recall that 6 is chosen such that 6’ > 6 — min{e, £=%}, which implies that 1 — 2-(§ — §’) > 0.

[e3

32Given how ¢’ is chosen, p’ € (0,1); see footnote
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For each college ¢ € W, choose one student i.. Let V = {i. : ¢ € W} be this set
of students. Since V' C U, V and L form a biclique. Since |V| = |W]|, there is a
balanced biclique of size at least min{|L|,|W|}. By the theorem of |Dawande et al.

(2001) 9]

min{@,@} 50. (18)

n o n
Finally, we have the following claim.
Claim 6. [W|/n 5 b > 0.

Claim [f] is sufficient to prove Proposition [1} because if |W|/n converges to some-
thing strictly positive, then by , we must have |L|/n % 0. To show Claim |§|,
let

A={ceClp(c) >0 —e}.

Notice that by definition, W C A. Let W¢ = A\ W, i.e.,
We¢={ceC:0.>0"and p(c) >0 — ¢}

Since A=W UW¢®¢and W NW¢ =0, we have

Al _ W e

nknl 1
n n n (19)
By Corollary , |A|/n 51— (0 — €). Define w by [W¢|/n % w, and we have
Mﬂ)l—(@—e)—w. (20)
n

It follows from the definition of W€ that w < 1 — ¢, and as 8’ > 6 — ¢, the RHS of
(20) is strictly positive.

O

Proof of Proposition The proof of Proposition [2] proceeds in an analogous

manner to the proof of Proposition[l] Fix 6 € (0,1] and e > 0. Choose ¢’ such that

33The full argument for is analogous to that used to show in the proof of Theorem
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0 < ¢ < 6+ min{e, =2}, Define the following sets:

W:={ceC|f. <0 and p(c) > 0+ €}
L:={ceClf. >0 and p(c) <0+ €}
U:={iel:u@t)eW}

Arguments analogous to Claims in the proof of Proposition [l deliver the same

L
min{u,m} 0.
n' n

We now show that in this case, it is | L|/n that converges to something strictly positive,

conclusion as equation (|18)):

which will imply that [W|/n 2 0 and complete the proof.
Claim 7. |L|/n 2 b > 0.

To see this claim, define A = {c € C|p(c) < 0 + €} and L® = {c € C|f. <
0" and p(c) < 6 + €}. Notice that A= LU L and L N L = (J, and therefore,
1ol 12
n n n
By Corollary |A|/n % 6 + ¢, and thus, |7L‘ %0+ e — 3, where g & |L¢|/n. Tt is
clear from the definition of L¢ that § < #’, and, as 8’ < 0 + ¢, we have 0 +¢ — 5 > 0,
which completes the proof.
0
Finally, we use Propositions [I] and [ to complete the proof of Theorem [2 Recall
that C”(€) is the set of schools whose percentile ranking, p(c), is within € of their

common values, 0, i.e., 0. — e < p(c) < 0.+ ¢. We show that, for any €,0 > 0,

Pr(‘c\nﬂ>5>—>0asn—>oo (21)

Choose a positive integer M such that 1/M < min{d, ¢/2}. Now, we have the follow-
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ing:

|O\SP(6)| Z%\{ceC:QCZm/M and p(c) <m/M — €/2}| +

NE
S|

{ce C:0.<m/M and p(c) > m/M + €/2}| +
1

{ce C:0, <1/M}|. (22)

3
I

S

To see this, take a college ¢ € C'\ C?(¢). We claim that ¢ belongs to one of the three
terms on the right-hand side of . If 6. < 1/M, this is obvious. If not, then there
is some m, € {1,2,..., M — 1} such that 6. € [m./M, (m.+ 1)/M]. Since ¢ ¢ C?(e),
we have that either: (i) p(c) > 6.+ € or (ii) p(c) < 0. — e. If (i) holds, then

plc) >0.+e>m./M+1/M+¢€/2=(m.+1)/M +¢/2,

where the middle inequality holds because 6. > m./M and we chose M such that
€/2 > 1/M. In this case, college ¢ belongs in one of the sets on the second line of
(22), namely the summation term for m = m, + 1. If (ii) holds, then

plc) < 0. —e<m./M—¢€/2,

in which case, school ¢ belongs to one of the sets on the first line of , namely the
summation term for m = m,.

Therefore, each school ¢ belongs to one of the sets on the right-hand side of ,
and so inequality holds. Now, by Propositions [I|and [2| and the weak law of large
numbers, the right-hand side of converges to 1/M, which is strictly less than ¢,
which shows equation and completes the proof of Theorem .
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